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Channel Polar
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Channel Polarisation

X
known @‘T; BEC(e) —M
noise ) | BECE® —)

Uq =X1+Xo; observe Y1 and Yo U2 =Xo; U =X1+U1; observe Y1 and Yo

? Ui 1-(1-g)? U

+ much worse £2 much better
X1 / \Xz X2 X1+U-

Y1 Yo e Yo Y1+U- €
repetition code

parity-check node
total capacity = (1-€)°+1-e2=2(1-¢)
I(U1,Uz; Y1, Y2) = I(X1, X2; Y1, Y2) = I(X1; Y1) + I(X2; Y2) = 2I(W)
I(U1,U; Y1,Y2) = I(Us; Y1, Y2) + I(Uz; Ya, Y2|Uh )
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Polar Code — Polarization Effect and Set of Good
Channels

information codeword observation
Uo=0 Xo—1 Yo
R o e I e
Uo=0 | X% — Yo
A A i all channels
“good” — use for Us=0 o RZ% s, Ya
B information transmission; o g "
fraction ~ C Us ) XQ——W> Y N g
A 0 S
0 “bad” — freeze o -2
fraction ~ 1-C U1=0 X1 — Y
by >
Us Xz3— Y3
O > —>
AN
Us Xs— Y5
7’(—-> —>
Ur Xy—, Y7




Polar Codes — Key ldeas

Ul—T— BEC(g) F—"
Uy -| BEC(e) —:

I(U1,U2; Y1, Y2) = I(Ur; Y1, Y2) + I(Uz; Y1, Ya|Uh)

strict polarisation at each step unless extreme points are reached
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a little help at boundary gets things started (nucleation)

proper structure ensures that process continues (crystallisation)
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RM versus Polar
information codeword observation
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Do RM codes achieve capacity?
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W
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BEC: Yes, for R — 0 or
BSC: Yes, for R — 0
BSC: “Not too bad”, for R — 1



Yes, O < R < 1, for BEC.



Ingredients

®-RM codes are 2-transitive

- &:symmetric monotone sets have
sharp thresholds

-®EXIT functions satisfy the Area
Theorem
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New Generalizations of the Reed-Muller Codes
Part I: Primitive Codes

TADAO KASAMI, memBER, 1EEE, SHU LIN, MEMBER, 1EEE, AND W. WESLEY PETERSON, FELLOW, IEEE

Abstract—First it is shown that all binary Reed-Muller codes
with one digit dropped can be made cyclic by rearranging the digits.
Then a natural generalization to the nonbinary case is presented,
which also includes the Reed—-Muller codes and Reed-Solomon
codes as special cases. The generator polynomial is characterized
and the minimum weight is established. Finally, some results on
weight distribution are given.

I. INTRODUCTION

T IS WELL KNOWN that the first-order Reed-—
Muller codes with one digit dropped can be made
cyclic by rearranging the digits.'"" In fact, for the

cyclic form, the all 1’s vector and the maximal length
sequences of length 2" — 1 generate the code. We have
observed that the entire class of Reed—Muller codes are
cyclic. This has led to a new generalization which is
better in many cases than previous ones. This newly found
mathematical structure for this class of codes has made
it possible to find some other new facts about Reed-
Muller codes.

First we prove that the binary Reed—Muller codes are
all ¢yelic, in order to show the very simple ideas involved.
Then in the next section more general results are given.
In the final section, results on the weight distribution
of Reed—-Muller codes are given.

Let v, denote a vector of length 2" — 1 over GF(2)
consisting of all 1’s, and let v;, vs, - « - , v, denote m linearly
independent ‘“‘maximal length sequences” generated by
the same linear shift register. It is well known that the
code generated by these m 4 1 vectors is cyclic and is
equivalent to the first-order Reed—Muller code with one
digit dropped.'”’ Multiplication of vectors is defined as
follows. If

u o= (Uy, Us, """ 5 Uy)
o= (0,0, V),
then
w = (W0, UsVg, *** , UpDy).

The »th order Reed-Muller code (with one digit
dropped) is generated by vy, vy, vs, - - - , ¥, and products
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of any » or fewer of these vectors. An equivalent state-
ment is that a vector v is a code vector in a vth order
Reed-Muller code (with one digit dropped) if and only
if it can be expressed as a polynomial of degree » or less
in v, ¥y, Vg * 0y Uppe

Tet T denote the operation of shifting cyeclically one
place to the right. Then a code is a eyclic code if and
only if for each code vector », T» is also a code vector.

The key idea in the proof is simply the observation
that T commutes not only with the addition of vectors
but also with multiplication. That is,

T, + v2) = T, + Ty, (1)
and also
T@ws) = (Tv)(Tes). )]

Consider any code vector in the vth order Reed-Muller
code with one digit dropped. It can be expressed as a

polynomial of degree v or less in vy, vy, Vg, <+ , Uy
vo= 3 Ca il oo, 3
Then, because of the commutative property
Ty = >, Ca'(To)™ (T - (To)"". (4
Since the first-order Reed-Muller code with one digit
dropped is eyclic, Tv,, Tv,, --+ , Tv, are code vectors
and hence are linear combinations of vy, vy, vs, = - ¢ , V.

It follows that T is a polynomial of the same degree
as v in vy, vy, Vs, -+ , ¥, and hence is a code vector, and
the »th order Reed—Muller code with one digit dropped is
cyclic.

For any cyclic code over GF(g) of length n relatively
prime to ¢, there is a set of three closely related codes—
the original code, another cyclic code, and a code found by
adding an overall parity check to one of the eyclic codes.
Let us assume that the original code includes the all 1’s
word as a code vector. The extended code, of length
n -+ 1, is found by adding an overall check digit. The
other eyclic code is found by taking the subset of code
veetors in the original code whose symbols add to zero,
i.e., the code words which have 1 as a root. Given any
one of the three codes, the others can be found easily.
In the binary case, at least, given the weight distribution
of one code, the weight distribution of the others can be
found in a trivial way. The generalized Reed—Muller codes
as defined here are cyclic codes in which the all 1’s vector
is a code vector, and their dual codes have 1 as a root
of every code word. These codes have length ¢ — 1.
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Code is 2-Transitive
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Monotone Sets
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Symmetric Sets
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Symmetric Sets

QC{0,1}"

() symmetric < the set () is l-transitive
(e.g., preserved by cyclic shift)
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Probabillity of Set

QC{0,1}"
te(-)  Bernoulli product measure with parameter e

w e {0, 1} fe(w) = eVH@) (1 — )N —wilw)
MG(Q) — Z ue(w)

wEl)

te(€2) is the probability that an iid B(e) vector is in 2

later: €) is the set of bad erasure patterns



Sharp Thresholds
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Friedgut, Kalai (1996)

Q C {0,1}", monotone, symmetric
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linear code, BEC or BSC, block-MAP decoding
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linear code, BEC or BSC, block-MAP decoding
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linear code, BEC or BSC, block-MAP decoding
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Code Rate and the Area under Extrinsic Information Transfer Curves

Alexei Ashikhmin, Gerhard Kramer, and Stephan ten Brink I,
Lucent Technologies, Bell Labs TRap,
Murray Hill, NJ 07974, US.A. SA@IO
{aea, gkr,stenbrink}ebell-labs.com NSONIN

Abstract — Extrinsic information transfer (EXIT)
charts predict the convergence behavior of iterative
decoding and detection schemes. The EXIT analysis
is made precise by introducing a model that applies
to iterative decoding of parallel concatenated, seri-
ally and low-density parity-check codes.
The model leads to an area property of EXIT charts.

1. INTRODUCTION

Experience suggests that extrinsic information transfer III. AREA PROPERTY &, ey 2,
(EXIT) charts accurately predict the convergence behavior of ‘The following theorem can be proved by using the information .ed;f'ri,, 2
iterative decoding schemes [1]. We make the EXIT analysis theoretic identity derived in [2]. Let A = [ I5(I4) dlx be icg;

u

Ry,
“Ary
- - Py d oy
- o | L 4 .
Source Encoder | ‘—# g;’.':l""“e] }—-—1 I E;‘) . Hso,?k

Decoder | 1 N
e {am Osic g

Fig. 1: A general decoding model.

precise by introducing a decoding model that applics to a wide  the area under the EXIT function. o iy, any ‘31]
varicty of situations. We also prove properties of EXIT charts ap, onye,, M q e
that explain some of the observations that have been made by ~Theorem 1 C;:;ﬂde(; Fig. 1 and I)r; crznputed using (1) and :g ,,l.p’ies ’00'"""':); '::Zfe,. @y, g %’flé Ile ] lII]CtI.
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Our decoding model is shown in Fig. 1. A binary symmet- a=L ( H; )) - Lawy) o) 26 P Opey S By ey (tuyy S ing . Ch, Phay,
ric source produces a vector  of k independent information A OB " Drg Tl ;}'Ir lgheck 130 conlaind®l i cry O 4 leg gy §
bits each taking on the values 0 and 1 with probability 1/2. " hannel is o BEC. ong, li")e*lz Sucy g tla,,sa )0‘5‘, Sergybe lracy on rag, Cop, ing 4,
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®-RM codes are 2-transitive

- &:symmetric monotone sets have
sharp thresholds

-®EXIT functions satisfy the Area
Theorem



Sam‘(\os‘ﬂ an pfistet
Abstnwt nis PP app! oach pivers® y hmme\s undet \ow—com\)\emy
Ne {hat 2 ence of ae \‘m\mshc ine2! Cl ach'\eves cal acity message” & codin Q o
pi n eras e c\\.anne under o mun osteri decodd T Je © qide) perf ance determ\m
) Rathe! relyin® the Pr ise struct? the 0des» i <oquen winary \ined ans i o c EC
Q m nod ¥¢ ires O nat the © es are mighty S etric: 1 .
part\cu\ar, echnid®® pplies ay seav® e of Yinear codes und®’ ) -8 osteriO Q ?N‘\C“"‘“v
> ere b\wck\eogt strieth mcreasmg, yates | 1es i folloW g
S convers 0 num! Petw nd the per™ tation
2 oup oF ach code 18 aoubV: ransitive is 2150 ¥ vides 2 yare Theorem sequen®® 1 jeve acity
exampe n ynform n theor¥ sy’ Jone ymplies the C o deco! it ol clengt S
o ear-oPY a1 perfor™ e. ety qing. 1 © g 1ates © erge Y me T 0,1)
— An 1mpo! 1) co(\seq“e“ce °§. fhis ¥ 1 Gon 1 of \ \tat\sm
Reed- uter ¢ nereas ng D hn pieves capac\ty
— i its e rab onvers 10 mber V¢ ween and 1 This Qur analysts foc! P y f
?\ possxh\\\w n Sugd ed prev‘\ou Yiterat® put DIt coding " QA h X orasure
[ it has on peen proven for & where the iting o yate (e in n ases One i i O que of h
77 o or ! Mm'eover, o5 pesults © { aturally affine” vate ¥ imy sed is s 0
) varia  codes 2 s, 10 al extend! vmmiwe n'ow-sex\se pinary Mullet S ve C undet
— C The P y tools used 0 the prook he shar? AP decoding
— t\\\'es\\o\d rop v mo(\otone oolea? functio™ and the are AW of the s y q
> theor for nsic \{ L functi® \ta(\smm _ar channe der Y oM AP
cn ndex Te ar codess cap y-ac‘“e ng s, © R deco(\mg i exk 3005 ¢ fhat ences of
e\l c\\mme\s, XIT fun £10NS> p ded dMu\\er codes: Gener?d WA d—N\\)\\er codes \ wer At achieve®
- riant code capacxy M overs se ¥ ults als \d for Aass ©
2 affme—m\' A q-Y\“ S, precxsey e codes
O 1IN TROD Wwhos pel ration ups jnch b gro! p 1 jic 1©
the ne W Toup 0w This wes ir fact h
% Since {he W n 0 the & fine 1ine [l ranst \e happen®
— S semma\ eorist i nate! by e this class also incl des al ex\e(\(\ i _gens®
. jded con' ing Fuctur® d ach acity- 0se-C au(\‘ﬂu\"\ HocaX )code To ke p O
Z The advent © l 7\ an ' P w—cbeck presememo s ptesen groofs only of e DI case
'?Q [\ C) 0 ade 1 W\ eed—M \( ¢ re 0O e Muller m and,
sa wit -co fexity © Qg &' N oon afters d £opOSe 2] \ decod® n ns
od P ormance ne e SH? R A DA’y Reed fuller © . pard] 1« fzed Yy MO Ative
that que! of Wic! nlal Q e nd \ ode O eng Al mensio?
the O are cha® d - M (% 0 at jstanc®
message—pa Sin & coding u ssible 1
metrc memor \ess 1 1 e i
re the first pmvab\ E r such these
omp\ex‘\t ncoding N son O
ou d pC code e

I u
S e S “ig
be Ach Ras



(); ... set of erasure patterns that cause trouble for bit 2

gMAP(y Yy =7

1



(); ... set of erasure patterns that cause trouble for bit 2

gMAP(y Yy =7

1

Q; C {0,131



(); ... set of erasure patterns that cause trouble for bit 2

2 (Yw) =17

1

Q; C {0, 1}V
}

we{0, 131 0110 101
ceCc{0,1}¥Y 01101001

wel), it dceeC:c;=1Nco; <w



(); ... set of erasure patterns that cause trouble for bit ¢

gMAP (Y ) =7

1

Q; C {0,1}V1

(

we {0, 1}t 0 0 oI
ceCc{0,1}" o 0 0

we iff deel:c;,=1Nco; < W



(); ... set of erasure patterns that cause trouble for bit ¢

gMAP (Y ) =7
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Q; € {0,131
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Symmetry: if C is 2-transitive then (2; is symmetric

Independence: if C is transitive then h;(e) does not depend on ¢
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Independence: if C is transitive then h;(e) does not depend on ¢
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| O(1/log(N))
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z’ndependence + Area Theorem

X | Y(e .
( ‘ ZP{ MAP Y z — }/
e hz(e)
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independence + Area Theorem
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®-RM codes are 2-transitive

- &:symmetric monotone sets have
sharp thresholds

-®EXIT functions satisfy the Area
Theorem
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block versus bit ... Friedgut-Kalai — Bourgain-Kalai

other codes BCH codes

general channels cautiously optimistic



Summary

polar codes
spatially coupled
back to classics — symmetry!

finite length



