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Channel Polarisation
X1

X2

BEC(ε)
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Channel Polarisation
X1

X2

U1 =X1+X2; observe Y1 and Y2 U2 =X2; U2 =X1+U1 ; observe Y1 and Y2

U2

Y2 Y1+U1

X2 X1+U1

repetition code

+
U1

Y1 Y2

X1 X2

parity-check node
ε

1-(1-ε)2 

much worse 

ε

ε2 much better 

BEC(ε)

BEC(ε)noise

known

total capacity = (1-ε)2+1-ε2=2(1-ε)
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information codeword observation

U0=0

U2=0

U4=0

U6

U1=0

U3

U5

U7

Y0

Y2

Y4

Y6

Y1

Y3

Y5

Y7

X0

X2

X4

X6

X1

X3

X5

X7

Polar Code — Polarization Effect and Set of Good 
Channels

“good” — use for  
information transmission; 
fraction ~ C

“bad” — freeze 
fraction ~ 1-C

all channels
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Polar Codes — Key Ideas

X1

X2

BEC(ε)

BEC(ε)

strict polarisation at each step unless extreme points are reached
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Metastability

Sodium acetate, C2H3NaO2,
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universal phenomenon
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a little help at boundary gets things started (nucleation)

proper structure ensures that process continues (crystallisation)

universal phenomenon
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Application of Boolean Algebra to Switching 

Circuit Design and to Error Detection 
D . E . M U L L E R * 

Summary—A solution is sought to the general problem of simpli-

fying switching circuits that have more than one output. The mathe-

matical treatment of the problem applies only to circuits that may 

be represented by *'polynomials" in Boolean algebra. It i s shown 

that certain parts of the multiple output problem for such circuits 

may be reduced to a single output problem whose inputs are equal 

in number t o the s u m of the numbers of inputs and outputs in the 

original problem. A particularly simple reduction m a y be effected in 

the case of two outputs. Various techniques are described for simplifying Boolean expres-

sions, cal led " + polynomials," in which the operation "exclusive 

or" appears between terms. The methods described are particularly 

suitable for u s e with an automatic computer, and h a v e b e e n tested on 

the Illiac. 
An unexpected metric relationship i s shown to exist be tween the 

members of certain classes of " + polynomials" ca l led " n e t s ." This 

relationship m a y be used for constructing error-detecting codes , pro-

Tided the n u m b e r of bits in t h e codecs ^ power of t w o . FOLLOWING the work of Shannon, 1 design of 

switching circuits has leaned heavily upon logical 

algebra, and systematic methods have been de-

veloped by Burkhart, Kalin, Aiken, Quine, 2 , 3 and others 

for reducing polynomial expressions in logical algebra. 

Much of the effectiveness of the application of these 

techniques has depended on the skill of the designer 

and upon the amount of time he is willing to spend in 

the manipulation of algebraic expressions which are 

obtained after having applied systematic reduction pro-

cedures. This has been especially true in the frequently 

encountered case in which more than one output is re-

quired from a particular circuit. Here, systematic 

methods for treating the single output circuit will be 

extended to the multiple output case. MULTIPLE OUTPUT CIRCUITS 

A switching circuit will be defined as a circuit in which 

voltage (or current) at any point in the circuit may take 

either of two possible values. These values .may be ar-

bitrarily described by the symbols 0 and 1. Such a cir-

cuit will be assumed to have p points � 1, X2, Xz, · · · , 

Xp at which input voltages will be applied and q other 

points � 1, � 2, � 3, · · · , ZQ from which outputs may be 

taken. It will be further assumed that all voltages in the 

circuit will be uniquely determined by the combined ef-

fect of the p inputs. If each of the q outputs is specified * Digi tal Computer Lab., University of Illinois, Urbana, Illinois. 

1 C. E . Shannon, "A symbolic analysis of relay and switching 

circuits'' Trans. A.I.E.E., vol. 57, pp. 713-723; 1938. 

2 "The Synthesis of Electronic Computing and Control Circuits," 

vol. X X V I I . Annals of the Computat ion Laboratory of Harvard 

University, Harvard University Press, Cambridge, Mass . ; 1951. 

3 W. V. Quine, "The problem of symplifying truth functions," 

Amer. Math. Monthly, vol. 59, p. 521; October, 1952. 

for each admissible combination of values at the p in-

puts, then the logical specifications for the circuit have 

been completely given and each output may be ex-

pressed as a logical function of the inputs Z 1 = Z\X\ X2, - · • , X') Z 2 = Z\X\ X\ · - · , XP) 
Z« = Z*(X\ X2

} · · · , X*>), 
In general, certain combinations of values a t the inrjuts 

will never occur, and for this reason the inputs will not 

be entirely independent. Such a relation will be ex-

pressed by the subsidiary condition g(X\ X\ · · · ,��) = 0. 
(2) 

Those combinations of input values which never occur 

are just those for which g = l. Hence condition (2) com-

pletely specifies those combinations. 
Algebraic manipulations may now be carried out to 

simplify the functional expressions (1) while making 

use of the subsidiary condition (2). These manipulations 

should, tend. to simplify the switching circuit corre-

sponding to (1) according to prescribed criteria of sim-

plicity, while maintaining the logical specifications for 

the circuits. Such manipulations, if carried out empiri-

cally, may be quite difficult and tedious. Often it is nec-

essary to expand the functions Z* so as to make them 

more complex before they can be simplified later. 

Systematic methods have therefore been developed to 

relieve the designer of some of the tedious work involved 

in reducing the functions Z \ 
A function Z ' of the inputs � 1, X2, · · · , Xp may be 

expressed in canonical form z» = z0
ix pxp~1 · · · x 2x l � �̂ ����-1. ·. X2Xl 

V · · · V Z k - i X* X7*"1 · . · X2Xl 
(3) 

where ��� represents the complement (or negation) 

of X* and the symbol " V " represents the logical opera-

tion "or." In a particular term the inputs and their com-

plements are connected by the logical operation "and." 

The coefficients Zy'of t h e j + l term is a constant having 

either the value 0 or 1, and serves to define the value of 

Z* when the input values are such that the other factors 

in the j + 1 term are all 1. Expansion (3) is a special case of what may be called 

a polynomial in Boolean algebra. In a general poly-

nomial, however, it will not be necessary for a term to 

depend on all inputs but it may be represented by a 

product of less than p of the inputs and complements of 

inputs. Thus � 1 V � 2 X* and � 1 V XA would also be re-

A CLASS OF MIJLTIPLE-ERROR-CORRECTING CODES 

AND THE DECODING SCHEFE 
Irving S. Reed 

Lincoln Laboratory - Massachusetts Institute of Technology 

Cambridge, &ssachusetts I. Introduction 

A procedure for constructing one-error-correcting and two-error-detecting systerrgtic codes 

was introduced in a recent study by R. W. Ihumning. 1 It is the purpose of this paper to exhibit some 

examples of n-error-correcting and (n + 1) error-detecting systematic codes for ths cases where both 

the code length and (n + 1) are 
B 

cuers of two. The class of codes to be considered was developed by 

D. E. Muller in his recent work. 
The decoding scheme presented in this paper differs from Hanmringls scheme in that the en- 

coded message will be extracted directly from the possibly corrupted received code by a majority 

testing of the redundant relations.within the code. Hamming~s scheme for n = 1 was dependent first 

on the location of a possible digit error in the code; secondly, on the correction of that digit; 

snd lastly, on the extraction of ths message from the corrected code. By circumventing Hamming's 

step of error location and correction, which is quite a severe problem when n is not equal to one, 

we have arrived at a decoding schsmsthatmakes anaturaluse of the redundancywithinthe code as 

well as being conceptually s9nple. 
Inthis paper, sorm of the mathematical proofs of the methods discussed will be avoided 

for the sake of brevity of exposition. A more detailed mathematical analysis will appear elsewhere. 

II. some Mathematical PrelimiWries 

A code having n binary digits may be considered the element of a space, consisting of 2" 

elements of the form 
f 

- 
(f,,. 

l 
. flr19 

where 

(fj - 0, 1) for (j = 0,1,2, . . . n-l) . 

This space is technically an Abelian group if the sum of w two elements f and g in the space is 

defined as follows: 
where fj@gj is the sum module two of the binary digits fj and gj for (j = 0,1,2,...n-1). 

If 

multiplication by the binary scalar a is sllo~ed as 

af = a(fo,fl,... 
fn-1 9 - (afC,afl, . . . afp19 , 

the Abelian group may be termed a generalized vector space of n-dimsnsions or a module. Finally, 

if the product operation 
for f and g in the module is introduced, the space is a Boolean ring. The prims operation is de- 

fined to be 

f'=f@I 

for f in the ring, and where I is the identity vector (l,l, 1, . . . 1). 

Into this space one may further introduce a norm or length of a vector as follows: 
38 
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1 Introduction

Binary Reed-Muller (RM) codes RM(s,m) of order s have length n = n(m),

dimension k = k(s,m), and distance d = d(s,m) as follows

n = 2m , k =
sX

i=0

(mi ) , d = 2m°s .

The renowned majority decoding algorith
m of [1] provides bounded-distance

decoding (BDD) for any code RM(s,m) and correct
s all errors

of weight

less than d/2 with complexity order of kn. Even a lower complexity order

of nmin(s,m°
s) is required for various recursive techniques of [2], [3], and [4].

Both recursive and majority algorith
ms correct

many error patterns beyond

the BDD radius d/2; however, they fall short of complete error-fr
ee decoding

within any given decoding radius T ∏ d/2. Therefore
, below we address list

decodin
g [5] algorith

ms that output the list

LT (y) = {c 2 RM(s,m) : d(y, c) ∑ T}

of all vectors
c

of a code RM(s,m) located within the distance T from any

receive
d vector

y

.
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information codeword observation

U0=0

U2=0

U4=0
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Do RM codes achieve capacity?
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This paper studies the parameters for which Reed-Muller (RM) codes over GF (2) can correct

random erasures and random errors with high probability, and in particular when can they

achieve capacity for these two classical channels. Necessarily, the paper also studies properties of

evaluations of multi-variate GF (2) polynomials on random sets of inputs.

For erasures, we prove that RM codes achieve capacity both for very high rate and very low

rate regimes. For errors, we prove that RM codes achieve capacity for very low rate regimes, and

for very high rates, we show that they can uniquely decode at about square root of the number

of errors at capacity.The proofs of these four results are based on di↵erent techniques, which we find interesting

in their own right. In particular, we study the following questions about E(m, r), the matrix

whose rows are truth tables of all monomials of degree  r in m variables. What is the most

(resp. least) number of random columns in E(m, r) that define a submatrix having full column

rank (resp. full row rank) with high probability? We obtain tight bounds for very small (resp.

very large) degrees r, which we use to show that RM codes achieve capacity for erasures in these

regimes.
Our decoding from random errors follows from the following novel reduction. For every linear

code C of su�ciently high rate we construct a new code C 0, also of very high rate, such that

for every subset S of coordinates, if C can recover from erasures in S, then C 0 can recover from

errors in S. Specializing this to RM codes and using our results for erasures imply our result on

unique decoding of RM codes at high rate.

Finally, two of our capacity achieving results require tight bounds on the weight distribution

of RM codes. We obtain such bounds extending the recent [KLP12] bounds from constant degree

to linear degree polynomials.
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Ingredients

RM codes are 2-transitive 

symmetric monotone sets have 
sharp thresholds 

EXIT functions satisfy the Area 
Theorem
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New Generalizations of the Reed-Muller Codes 
Part I: Primitive Codes 

TADAO KASAMI. MEMBER, IEEE, SHU LIN, MEMBER, IEEE, ASB W. WESLEY PETERSON, FELLOW, IEEE 

Abstract-First it is shown that all binary Reed-Muller codes 
with one digit dropped can be made cyclic by rearranging the digits. 
Then a natural generalization to the nonbinary case is presented, 
which also includes the Reed-Muller codes and Reed-Solomon 
codes as special cases. The generator polynomial is characterized 
and the minimum weight is established. Finally, some results on 
weight distribution are given. 

I. INTROI)TJCTIO?; 

1 

T IS WELL KNOWN that the first-order Reed- 
Muller codes with one digit dropped can be made 
cyclic by rearranging the digits.“’ In fact, for the 

cyclic form, the all l’s vector and the maximal length 
sequences of length 2” - 1 generate the code. We have 
observed that the entire class of Reed-Muller codes are 
cyclic. This has led to a new generalization which is 
better in many cases than previous ones. This newly found 
mathematical structure for this class of codes has made 
it possible to find some other new facts about Reed- 
Muller codes. 

First we prove that the binary Reed-Muller codes are 
all cyclic, in order to show the very simple ideas involved. 
Then in the next section more general results are given. 
In the final section, results on the weight distribution 
of Reed-Muller codes are given. 

Let v1 denote a vector of length 2” - 1 over GF(2) 
consisting of all l’s, and let vl, v2, . . . , v, denote m linearly 
independent “maximal length sequences” generated by 
the same linear shift register. It is well known that the 
code generated by these m + 1 vectors is cyclic and is 
equivalent to the first-order Reed-Muller code with one 
digit dropped. [I’ Multiplication of vectors is defined as 
follows. If 

then 

uv = (U& u$J,, . . . ) u,v,J. 

The &h order Reed-Muller code (with one digit 
dropped) is generated by vl, vl, v2, . . . , v, and products 

Manuscript received March 6, 1967. This paper was presented 
at the 1967 International Symposium on Information Theory, San 
Remo, Italy. This work was supported in part by the Air Force 
Cambridge Research Laboratories, Office of Aerospace Research, 
Redford, Mass., under Contract AF 19(628)4379. 

T. Kasami is with the Department of Control Engineering, 
Faculty of Engineering Science, Osaka University, Toyonaka, Japan. 

S. Lin and W. W. Peterson are with the Department of Electrical 
Engineering, University of Hawaii, Honolulu, Hawaii. 

of any v or fewer of these vectors. An equivalent state- 
ment is that a vector v is a code vector in a vth order 
Reed-Muller code (with one digit dropped) if and only 
if it can be expressed as a polynomial of degree v or less 
in vl, vl, vZ, . . . , v,. 

Let T denote the operation of shifting cyclically one 
place to the right. Then a code is a cyclic code if and 
only if for each code vector v, TV is also a code vector. 

The key idea in the proof is simply the observation 
that T commutes not only with the addition of vectors 
but also with multiplication. That is, 

and also 

Uv, + 4 = TV, + Tvz, (1) 

T(v,vJ = (TV,) (Tvz) . (2) 
Consider any code vector in the vth order Reed-Muller 

code with one digit dropped. It can be expressed as a 
polynomial of degree v or less in vl, vl, v2, . . . , v, 

v = C civ;riv;“l iv;= i . . . &m i , 

Then, because of the commutative property 
(3) 

TV = c Civ;‘i(Tv,)““(Tv,)“” . . . (TvJmi. (4) 

Since the first-order Reed-Muller code with one digit 
dropped is cyclic, Tvl, TV,, *. * , TV, are code vectors 
and hence are linear combinations of vI, vl, vz, . . . , v,. 
It follows that TV is a polynomial of the same degree 
as v in vr, vl, v2, . . . , v,,, and hence is a code vector, and 
the vth order Reed-Muller code with one digit dropped is 
cyclic. 

For any cyclic code over GF(q) of length n relatively 
prime to q, there is a set of three closely related codes- 
the original code, another cyclic code, and a code found by 
adding an overall parity check to one of the cyclic codes. 
Let us assume that the original code includes the all l’s 
word as a code vector. The extended code, of length 
n + 1, is found by adding an overall check digit. The 
other cyclic code is found by taking the subset of code 
vectors in the original code whose symbols add to zero, 
i.e., the code words which have 1 as a root. Given any 
one of the t.hree codes, the others can be found easily. 
In the binary case, at least, given the weight distribution 
of one code, the weight distribution of the others can be 
found in a trivial way. The generalized Reed-Muller codes 
as defined here are cyclic codes in which the all l’s vector 
is a code vector, and their dual codes have 1 as a root 
of every code word. These codes have length qm - 1. 
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JEAN BOURGAIN AND GIL KALAI

Abstract. This artic
le contains a brief descri

ption
of new results on thresh-

old phenomena for monoton
e propertie

s of random system
s. These results

sharpen recen
t estim

ates
of Talagr

and, Russo and Margu
lis. In partic

ular,

for isom
orphism invaria

nt propertie
s of random grap

hs, we get a threshold

whose length is only of order 1/(log
n)2
°" , instead

of previous estim
ates

of the order 1/log
n. The new ingredients are delica

te inequalitie
s in the

spirit of harmonic analysis on the Cantor grou
p.

A subset A of {0, 1
}n is called

monotone if the conditions x 2 A, x0 2 {0, 1}
n

and xi ∑ x0i for i = 1, . . . ,
n imply x0 2 A. For 0 ∑ p ∑ 1, define µp the product

measure on {0, 1}
n with weights 1° p at 0 and p at 1. Thus

µp({x}
) = (1° p)

n°j pj where j = #{i = 1, . . . ,
n | xi = 1}.

(1)

If A is monotone, then µp(A) is clearly
an increasi

ng function
of p. Considering

A as a “property”, one observes
in many cases

a threshold phenomenon, in the

sense that µp(A) jumps from
near 0 to near 1 in a short interval

when n!1
.

Well known examples of these phase transition
s appear for instance in the theory

of random graphs. A general understan
ding of such threshold effects has been

pursued by variou
s authors (see for instance Margulis [M] and Russo [R]). It turns

out that this phenomenon occurs as soon as A depends little
on each individual

coordinate (Russo’s zero-o
ne law). A precise

statem
ent was given

by Talagra
nd

[T] in the form
of the follow

ing inequality.

Define for i = 1, . . . ,
n

Ai = {x 2 {0, 1}
n | x 2 A, Uix 62

A}

(2)

where Ui(x) is obtained by replacem
ent of the i-th coordinate xi by 1° xi and

leaving the other coordinates unchanged. The number µp(Ai) is the i

n

fl

u

e

n

c

e

of

the i-th coordinate (with respect to µp). Let

∞ = sup
i=1,...,n

µp(Ai).

(3)
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Symmetric Monotone Sets 
Have Sharp Thresholds

PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 124, Number 10, October 1996

EVERY MONOTONE GRAPH PROPERTY

HAS A SHARP THRESHOLD
EHUD FRIEDGUT AND GIL KALAI

(Communicated by Je↵ry N. Kahn)

Abstract. In their seminal work which initiated random graph theory Erdös

and Rényi discovered that many graph properties have sharp thresholds as

the number of vertices tends to infinity. We prove a conjecture of Linial that

every monotone graph property has a sharp threshold. This follows from the

following theorem.
Let Vn(p) = {0, 1}n denote the Hamming space endowed with the prob-

ability measure µp defined by µp(✏1 , ✏2, . . . , ✏n) = pk · (1 � p)n�k, where

k = ✏1 + ✏2 + · · · + ✏n. Let A be a monotone subset of Vn . We say that

A is symmetric if there is a transitive permutation group � on {1, 2, . . . , n}

such that A is invariant under �.
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1. Graph properties

A graph property is a property of graphs which depends only on their isomor-

phism class. Let P be a monotone graph property; that is, if a graph G satisfies P

then every graph H on the same set of vertices, which contains G as a subgraph

satisfies P as well. Examples of such properties are: G is connected, G is Hamil-

tonian, G contains a clique (=complete subgraph) of size t, G is not planar, the

clique number of G is larger than that of its complement, the diameter of G is at

most s, etc.For a property P of graphs with a fixed set of n vertices we will denote by µp(P )

the probability that a random graph on n vertices with edge probability p satisfies

P . The theory of random graphs was founded by Erdös and Rényi [8, 4], and one of

their significant discoveries was the existence of sharp thresholds for various graph

properties; that is, the transition from a property being very unlikely to it being

very likely is very swift. Many results on various aspects of this phenomenon have

appeared since then. In what follows c1 , c2 , etc. are universal constants.

Theorem 1.1. Let P be any monotone property of graphs on n vertices. If µp(P ) >

✏ then µq(P ) > 1� ✏ for q = p+ c1 log(1/2✏)/ logn.
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Abstract. In their seminal work which initiated random graph theory Erdös

and Rényi discovered that many graph properties have sharp thresholds as

the number of vertices tends to infinity. We prove a conjecture of Linial that

every monotone graph property has a sharp threshold. This follows from the

following theorem.
Let Vn(p) = {0, 1}n denote the Hamming space endowed with the prob-

ability measure µp defined by µp(✏1 , ✏2, . . . , ✏n) = pk · (1 � p)n�k, where

k = ✏1 + ✏2 + · · · + ✏n. Let A be a monotone subset of Vn . We say that

A is symmetric if there is a transitive permutation group � on {1, 2, . . . , n}

such that A is invariant under �.
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1. Graph properties

A graph property is a property of graphs which depends only on their isomor-

phism class. Let P be a monotone graph property; that is, if a graph G satisfies P

then every graph H on the same set of vertices, which contains G as a subgraph

satisfies P as well. Examples of such properties are: G is connected, G is Hamil-

tonian, G contains a clique (=complete subgraph) of size t, G is not planar, the

clique number of G is larger than that of its complement, the diameter of G is at

most s, etc.For a property P of graphs with a fixed set of n vertices we will denote by µp(P )

the probability that a random graph on n vertices with edge probability p satisfies

P . The theory of random graphs was founded by Erdös and Rényi [8, 4], and one of

their significant discoveries was the existence of sharp thresholds for various graph

properties; that is, the transition from a property being very unlikely to it being

very likely is very swift. Many results on various aspects of this phenomenon have

appeared since then. In what follows c1 , c2 , etc. are universal constants.

Theorem 1.1. Let P be any monotone property of graphs on n vertices. If µp(P ) >

✏ then µq(P ) > 1� ✏ for q = p+ c1 log(1/2✏)/ logn.
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JEAN BOURGAIN AND GIL KALAI

Abstract. This artic
le contains a brief descri

ption
of new results on thresh-

old phenomena for monoton
e propertie

s of random system
s. These results

sharpen recen
t estim

ates
of Talagr

and, Russo and Margu
lis. In partic

ular,

for isom
orphism invaria

nt propertie
s of random grap

hs, we get a threshold

whose length is only of order 1/(log
n)2
°" , instead

of previous estim
ates

of the order 1/log
n. The new ingredients are delica

te inequalitie
s in the

spirit of harmonic analysis on the Cantor grou
p.

A subset A of {0, 1
}n is called

monotone if the conditions x 2 A, x0 2 {0, 1}
n

and xi ∑ x0i for i = 1, . . . ,
n imply x0 2 A. For 0 ∑ p ∑ 1, define µp the product

measure on {0, 1}
n with weights 1° p at 0 and p at 1. Thus

µp({x}
) = (1° p)

n°j pj where j = #{i = 1, . . . ,
n | xi = 1}.

(1)

If A is monotone, then µp(A) is clearly
an increasi

ng function
of p. Considering

A as a “property”, one observes
in many cases

a threshold phenomenon, in the

sense that µp(A) jumps from
near 0 to near 1 in a short interval

when n!1
.

Well known examples of these phase transition
s appear for instance in the theory

of random graphs. A general understan
ding of such threshold effects has been

pursued by variou
s authors (see for instance Margulis [M] and Russo [R]). It turns

out that this phenomenon occurs as soon as A depends little
on each individual

coordinate (Russo’s zero-o
ne law). A precise

statem
ent was given

by Talagra
nd

[T] in the form
of the follow

ing inequality.

Define for i = 1, . . . ,
n

Ai = {x 2 {0, 1}
n | x 2 A, Uix 62

A}

(2)

where Ui(x) is obtained by replacem
ent of the i-th coordinate xi by 1° xi and

leaving the other coordinates unchanged. The number µp(Ai) is the i

n

fl

u

e

n

c

e

of

the i-th coordinate (with respect to µp). Let

∞ = sup
i=1,...,n

µp(Ai).

(3)
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⌦ ✓ {0, 1}N , monotone, symmetric

Friedgut, Kalai (1996)

µ✏(⌦) goes from � > 0 to 1� � within a window of size

log(

1
2� )

log(N)
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We derive improved isoperimetric inequalities for discrete product measures on the n-

dimensional cube. As a consequence, a general theorem on the threshold behaviour of

monotone properties is obtained. This is then applied to coding theory when we study the

probability of error after decoding.

1. Introduction

Consider the n-cube, or binary Hamming space H n
= {0, 1}n

of dimension n, and denote

by |x| the weight
⇣

n
i=1 xi of a binary vector x = (x1 , x2 , . . . , xn) � H n. For 0 < p < 1 let µp

denote the product measure on H n
defined for any subset L ✓ H n

by

µp(L) =
�

x�L

p |x|(1 ⌥ p) n⌥|x|.

Let us write x ↵ y if for any i = 1, 2, . . . , n we have xi ⇥ yi . We shall say that L is

increasing if, for any x � L, x ↵ y implies that y is also in L.

The theory of random graphs has been concerned with many increasing sets L and

with the behaviour of the function f(p) = µp(L). Quite often a threshold phenomenon is

observed: f(p) jumps from near 0 to near 1 in a short interval that shrinks as n grows.

In many cases this threshold behaviour can be proved by a direct study of f(p). This

has not always been successful, however, and the following indirect strategy has been

investigated by a number of authors, including [4, 8, 12, 13, 14, 15, 16]: find conditions

on L which are easy to check and which imply that µp(L) satisfies a di✏erential inequality
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Abstract—Extrinsic information transfer (EXIT) charts are

a tool for predicting the convergence behavior of iterative pro-

cessors for a variety of communication problems. A model is

introduced that applies to decoding problems, including the

iterative decoding of parallel concatenated (turbo) codes, serially

concatenated codes, low-density parity-check (LDPC) codes, and

repeat–accumulate (RA) codes. EXIT functions are defined using

the model, and several properties of such functions are proved for

erasure channels. One property expresses the area under an EXIT

function in terms of a conditional entropy. A useful consequence

of this result is that the design of capacity-approaching codes

reduces to a curve-fitting problem for all the aforementioned

codes. A second property relates the EXIT function of a code

to its Helleseth–Kløve–Levenshtein information functions, and

thereby to the support weights of its subcodes. The relation is

via a refinement of information functions called split information

functions, and via a refinement of support weights called split

support weights. Split information functions are used to prove a

third property that relates the EXIT function of a linear code to

the EXIT function of its dual.

Index Terms—Concatenated codes, duality, error-correction

coding, iterative decoding, mutual information.
I. INTRODUCTION

T HE seminal paper of Gallager [1, p. 48] suggested to eval-

uate the convergence behavior of iterative decoders for

low-density parity-check (LDPC) codes by tracking the proba-

bility distributions of extrinsic log-likelihood ratios ( -values).

The procedure is particularly simple for erasure channels (ECs)

because one must compute only the fraction of erasures being

passed from one component decoder to another. For example,

this is done in [2], [3] for irregular LDPC codes. However, for

other channels, one must track entire probability density func-

tions. A detailed analysis for such cases is described in [4], [5],

where the procedure is called density evolution.

Density evolution can be simplified in several ways. First,

empirical evidence shows that good EC codes are also good

for many practical channels. This motivates designing codes for

ECs, and then adapting the design for the actual channel [6,

Manuscript received March 25, 2003; revised March 15, 2004. The material

in this paper was presented in part at the Conference on Information Sciences

and Systems, Princeton University, Princeton, NJ, March 2002; the IEEE Inter-

national Symposium on Information Theory, Lausanne, Switzerland, June/July

2002; and the 3rd International Symposium on Turbo Codes, Brest, France,

September 2003.
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Ch. 6]. A second approach is to track only one number per it-

eration rather than density functions. For instance, one might

track a statistic of the extrinsic -values based on their mean,

variance, an error probability, a fidelity or a mutual information

[7]–[17]. We refer to [13, Sec. IV] and [18] for a comparison of

some of these tools. We consider tracking a per-letter average

mutual information, i.e., we use extrinsic information transfer

(EXIT) charts. Several reasons for choosing EXIT charts are as

follows.
• Mutual information seems to be the most accurate statistic

[13, Sec. IV], [18].

• Mutual information is the most robust statistic, in the sense

that it applies without change to the widest range of chan-

nels, modulations, and detectors. For instance, EXIT func-

tions apply to ECs without change. They further apply to

symbol-based decoders [19] and to suboptimal decoders

such as hard-decision decoders.

• EXIT functions have analytic properties that have useful

implications for designing codes and iterative processors.

One aim of this paper is to justify the last claim. For example,

we prove that if the decoder’s a priori -values come from a

binary EC (or BEC) then the area under an EXIT function is

one minus a conditional entropy. This property is used to show

that code design for BECs reduces to a curve-fitting problem

for several classes of codes including parallel concatenated (PC

or turbo) [20], serially concatenated (SC) [21], LDPC, and re-

peat–accumulate (RA) codes [22], [23]. This fact gives theoret-

ical support for the curve-fitting techniques already being ap-

plied in the communications literature, see, e.g., [24]–[30]. The

success of these techniques relies on the robustness of EXIT

charts: the transfer functions change little when BEC a priori

-values are replaced by, e.g., a priori -values generated by

transmitting binary phase-shift keying (BPSK) symbols over an

additive white Gaussian noise (AWGN) channel. Moreover, the

resulting transfer functions continue to predict the convergence

behavior of iterative decoders rather accurately.

For the special case of LDPC codes, the area property is re-

lated to the flatness condition of [31] and has similar implica-

tions. For both LDPC and RA codes on a BEC, the curve-fit-

ting technique is known through a polynomial equation [2],

[23]. However, the area property applies to many communica-

tion problems beyond LDPC or RA decoding. For instance, it

applies to problems with PC codes, SC codes, modulators, de-

tectors, and channels with memory.

A second property we prove is that EXIT functions for BECs

can be expressed in terms of what we call split information func-

tions and split support weights. The former are refinements of

the information functions of a code introduced in [32], while

0018-9448/04$20.00 © 2004 IEEE
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Abstract - Extrinsic information transfer (EXIT) 
charts predict the convergence behavior of iterative 
decoding and detection schemes. The EXIT analysis 
is made precise by introducing a model that applies 
to iterative decoding of parallel concatenated, seri- 
ally concatenated, and low-density parity-check codes. 
The model leads to an area property of EXIT charts. 

I .  INTRODUCTION 
Experience suggests that extrinsic information transfer 
(EXIT) charts accurately predict the convergence behavior of 
iterative decoding schemes [l]. We make the EXIT analysis 
precise by introducing a decoding model that applies to a wide 
variety of situations. We also prove properties of EXIT charts 
that explain some of the observations that have been made by 
simulations. 

11. DECODING MODEL AND EXIT CHART 
Our decoding model is shown in Fig. 1. A binary symmet- 
ric source produces a vector U of k independent information 
bits each taking on the values 0 and 1 with probability 1/2. 
A rate k / n  encoder maps 3 to a binary length-n code word 
- x. A second encoder maps 14 to a binary length-m code word 
- v .  The decoder receives two vectors: a noisy version y of a: 
and a noisy version U, of g. We call the a: to y channel the 
communication channel, and the 2 to channelthe extrinsic 
channel (one might also choose to call it the a priori channel). 
The term “extrinsic” emphasizes that U, originates from out- 
side the communication channel. Usually both channels are 
memoryless, although some of our results remain valid when 
the communication channel has memory. 

Let aj be the a priori log-likelihood ratio about U,, and let 
ej be the extrinsic log-likelihood ratio about v j .  The EXIT 
chart depicts how much each decoder “amplifies” the average 
knowledge about the vj  as measured from the decoder inputs 
aj to the decoder outputs e3. More precisely, let 

j=1 

where the last step follows because all the V, are assumed 
to have the same distribution. An EXIT chart plots IE  as a 
function of I A .  

It turns out that  for serially concatenated codes and low- 
density parity-check (LDPC) codes e3 is a function of - y and 
- a[,] = [a1 . . . a3-1 a3+1 . . .a,]. This means that I (V,;  E 3 )  5 
I(V,;xl’bl). One can show that a maximum a posterzorz 
(MAP) bit decoder is optimal in the sense that one has 

I ( & ; & )  = “Ab]). (3) 

Fig. 1: A general decoding model. 

111. AREA PROPERTY 
The following theorem can be proved by using the information 
theoretic identity derived in [2]. Let A = ~ ~ I E ( I A )  d l ~  be 
the area under the EXIT function. 

Theorem 1 Consider Fig. 1 and I E  computed using (1)  and 
(3). For any codes (linear or not)  and any communication 
channel (memoryless OT not) we have 

af the extrinsic channel is a BEG‘. 

We apply Theorem 1 to serially concatenated codes with 
a rate Rout outer code and a rate Ri, inner code. We find 
that for a BEC the area under the outer code curve is AoUt = 
1 - Rout and the area under the inner code curve is Ai, = 
I ( X ;  l’)/n/Ri,. Furthermore, for successful decoding we must 
have 1 - Aout < A,, or 

where C is the capacity of the communication channel. Thus, 
we get the satisfying result that the overall rate must be less 
than capacity for successful decoding. However, the bound (5) 
says more because I ( X ;  y)/n equals capacity only if the inner 
code has rate one. Thus, any inner code with Ri, < 1 has 
an inherent capacity loss which the outer code cannot recover. 
This suggests that for serially concatenated codes it is a good 
idea to use a rate one inner code when iteratively decoding. 

The area result has further implications for decoding com- 
plexity, and one can derive similar results for EXIT charts of 
LDPC codes. For more details see [3]. 
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Abstract — We consider communication over mem-

oryless channels using low-density parity-check code

ensembles above the iterative (belief propagation)

threshold. What is the computational complexity of

decoding (i.e., of reconstructing all the typical in-

put codewords for a given channel output) in this

regime? We define an algorithm accomplishing this

task and analyze its typical performance. The behav-

ior of the new algorithm can be expressed in purely

information-theoretical terms. Its analysis provides

an alternative proof of the area theorem for the bi-

nary erasure channel. Finally, we explain how the

area theorem is generalized to arbitrary memoryless

channels. We note that the recently discovered rela-

tion between mutual information and minimal square

error is an instance of the area theorem in the setting

of Gaussian channels.

I. Introduction

The analysis of iterative coding systems has been extremely

effective in determining the conditions for successful commu-

nication. The single most important prediction in this context

is the existence of a threshold noise level below which the bit

error rate vanishes (as the blocklength and the number of it-

erations diverge). The threshold can be computed for a large

variety of code ensembles using density evolution.

On the other hand, understanding the behavior of these

systems above threshold is largely an open issue. Since in this

regime the bit error rate remains bounded away from zero, one

may wonder about the motivation for such an investigation.

We can think of three possible answers: (i) It is intellectu-

ally frustrating to have an “half-complete” theory of iterative

decoding. Moreover this theory has poor connections with

classical issues such as the behavior of the same codes under

maximum likelihood (ML) decoding. (ii) Loopy belief prop-

agation has stimulated a considerable interest as a general-

purpose inference algorithm for graphical models. However,

there are very few applications where its effectiveness can be

analyzed mathematically. Decoding below threshold is prob-

ably the most prominent of such examples and one may hope

to build upon this success. (iii) There are communication

contexts in which one is is interested in reproducing some in-

1
Copyright 2004 IEEE. Published in the 2004 IEEE Information Theory Work-
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formation within a pre-established tolerance, rather than ex-

actly. There are indications that iterative methods can play

an important role also in such contexts. If this is the case, one

will necessarily operate in the above-threshold regime.

Consider, for the sake of simplicity, communication over

a memoryless channel using random elements from a stan-

dard low-density parity-check (LDPC) code ensemble. As-

sume moreover that the noise level is greater than the thresh-

old one. There are two natural theoretical problems one can

address in this regime: (A) How many channel inputs cor-

respond to a given typical output? (B) How hard is to re-

construct all of them? Answering question (A) amounts to

computing the conditional entropy H(X n
1 |Y n

1 ) of the channel

input given the output (here n is the blocklength). We ex-

pect this entropy to become of order O(n) at large enough

noise. We call the minimum noise level for this to be the case,

the ML threshold. ML decoding is bound to fail above this

threshold.
The second question is apparently far from Information

Theory and in any case very difficult to answer. The naive

expectation would be that reconstructing all the typical code-

words becomes harder as their conditional entropy gets larger.

In this paper we report some recent progress on both of the

questions outlined above. In Secs. II and III we reconsider the

binary erasure channel (BEC). We define a natural extension

of the belief propagation decoder which reconstruct all the

codewords compatible with a given channel output. The new

algorithm (‘Maxwell decoder’) thus performs a ‘complete’ list

decoding, and is based on the general message-passing phi-

losophy. Below the iterative threshold, it coincides with belief

propagation decoding and its complexity is linear in the block-

length. Above the iterative threshold, its complexity becomes

exponential. Its behavior can be analyzed precisely, and pro-

vides answers both questions (A) and (B) above (within this

circumscribed context). Surprisingly, the resulting picture is

most easily conveyed using a well-known information theoretic

characterization of the code: the EXIT curve. As a byprod-

uct, we obtain an alternative proof of the area theorem for the

BEC.
The connection between the EXIT curve and Maxwell de-

coder is not a peculiarity of the binary erasure channel, and

has instead a rather fundamental origin. The algorithm pro-

gressively reduces the uncertainty on the transmitted bits.

This can be regarded as an effective change of the noise level

of the communication channel. The EXIT curve describe the

response of the bits (i.e., the change of the bit uncertainty) to

a change in the noise level. The area theorem is obtained when

integrating this response: the total bit uncertainty at maxi-

mal noise level (the code rate) is thus given by an integral of

the EXIT curve.In Sec. IV, we explain how to generalize these ideas to ar-

R
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Abstract - Extrinsic information transfer (EXIT) 

charts predict the convergence behavior of iterative 

decoding and detection schemes. The EXIT analysis 

is made precise by introducing a model that applies 

to iterative decoding of parallel concatenated, seri- 

ally concatenated, and low-density parity-check codes. 

The model leads to an area property of EXIT charts. 

I .  INTRODUCTION 

Experience suggests that extrinsic information transfer 

(EXIT) charts accurately predict the convergence behavior of 

iterative decoding schemes [l]. We make the EXIT analysis 

precise by introducing a decoding model that applies to a wide 

variety of situations. We also prove properties of EXIT charts 

that explain some of the observations that have been made by 

simulations. 
11. DECODING MODEL AND EXIT CHART 

Our decoding model is shown in Fig. 1. A binary symmet- 

ric source produces a vector U of k independent information 

bits each taking on the values 0 and 1 with probability 1/2. 

A rate k / n  encoder maps 3 to a binary length-n code word 

- x. A second encoder maps 14 to a binary length-m code word 

- v .  The decoder receives two vectors: a noisy version y of a: 

and a noisy version U, of g. We call the a: to y channel the 

communication channel, and the 2 to channelthe extrinsic 

channel (one might also choose to call it the a priori channel). 

The term “extrinsic” emphasizes that U, originates from out- 

side the communication channel. Usually both channels are 

memoryless, although some of our results remain valid when 

the communication channel has memory. 

Let aj be the a priori log-likelihood ratio about U,, and let 

ej be the extrinsic log-likelihood ratio about v j .  The EXIT 

chart depicts how much each decoder “amplifies” the average 

knowledge about the vj  as measured from the decoder inputs 

aj to the decoder outputs e3. More precisely, let 
j=1 

where the last step follows because all the V, are assumed 

to have the same distribution. An EXIT chart plots IE  as a 

function of I A .  It turns out that  for serially concatenated codes and low- 

density parity-check (LDPC) codes e3 is a function of - y and 

- a[,] = [a1 . . . a3-1 a3+1 . . .a,]. This means that I (V,;  E 3 )  5 

I(V,;xl’bl). One can show that a maximum a posterzorz 

(MAP) bit decoder is optimal in the sense that one has 

I ( & ; & )  = “Ab]). 

(3) 

Fig. 1: A general decoding model. 111. AREA PROPERTY 

The following theorem can be proved by using the information 

theoretic identity derived in [2]. Let A = ~ ~ I E ( I A )  d l ~  be 

the area under the EXIT function. 

Theorem 1 Consider Fig. 1 and I E  computed using (1)  and 

(3). For any codes (linear or not)  and any communication 

channel (memoryless OT not) we have 
af the extrinsic channel is a BEG‘. 

We apply Theorem 1 to serially concatenated codes with 

a rate Rout outer code and a rate Ri, inner code. We find 

that for a BEC the area under the outer code curve is AoUt = 

1 - Rout and the area under the inner code curve is Ai, = 

I ( X ;  l’)/n/Ri,. Furthermore, for successful decoding we must 

have 1 - Aout < A,, or 
where C is the capacity of the communication channel. Thus, 

we get the satisfying result that the overall rate must be less 

than capacity for successful decoding. However, the bound (5) 

says more because I ( X ;  y)/n equals capacity only if the inner 

code has rate one. Thus, any inner code with Ri, < 1 has 

an inherent capacity loss which the outer code cannot recover. 

This suggests that for serially concatenated codes it is a good 

idea to use a rate one inner code when iteratively decoding. 

The area result has further implications for decoding com- 

plexity, and one can derive similar results for EXIT charts of 

LDPC codes. For more details see [3]. REFERENCES 
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Abstract — We consider communication over mem-

oryless channels using low-density parity-check code

ensembles above the iterative (belief propagation)

threshold. What is the computational complexity of

decoding (i.e., of reconstructing all the typical in-

put codewords for a given channel output) in this

regime? We define an algorithm accomplishing this

task and analyze its typical performance. The behav-

ior of the new algorithm can be expressed in purely

information-theoretical terms. Its analysis provides

an alternative proof of the area theorem for the bi-

nary erasure channel. Finally, we explain how the

area theorem is generalized to arbitrary memoryless

channels. We note that the recently discovered rela-

tion between mutual information and minimal square

error is an instance of the area theorem in the setting

of Gaussian channels.

I. Introduction

The analysis of iterative coding systems has been extremely

effective in determining the conditions for successful commu-

nication. The single most important prediction in this context

is the existence of a threshold noise level below which the bit

error rate vanishes (as the blocklength and the number of it-

erations diverge). The threshold can be computed for a large

variety of code ensembles using density evolution.

On the other hand, understanding the behavior of these

systems above threshold is largely an open issue. Since in this

regime the bit error rate remains bounded away from zero, one

may wonder about the motivation for such an investigation.

We can think of three possible answers: (i) It is intellectu-

ally frustrating to have an “half-complete” theory of iterative

decoding. Moreover this theory has poor connections with

classical issues such as the behavior of the same codes under

maximum likelihood (ML) decoding. (ii) Loopy belief prop-

agation has stimulated a considerable interest as a general-

purpose inference algorithm for graphical models. However,

there are very few applications where its effectiveness can be

analyzed mathematically. Decoding below threshold is prob-

ably the most prominent of such examples and one may hope

to build upon this success. (iii) There are communication

contexts in which one is is interested in reproducing some in-

1
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formation within a pre-established tolerance, rather than ex-

actly. There are indications that iterative methods can play

an important role also in such contexts. If this is the case, one

will necessarily operate in the above-threshold regime.

Consider, for the sake of simplicity, communication over

a memoryless channel using random elements from a stan-

dard low-density parity-check (LDPC) code ensemble. As-

sume moreover that the noise level is greater than the thresh-

old one. There are two natural theoretical problems one can

address in this regime: (A) How many channel inputs cor-

respond to a given typical output? (B) How hard is to re-

construct all of them? Answering question (A) amounts to

computing the conditional entropy H(X n
1 |Y n

1 ) of the channel

input given the output (here n is the blocklength). We ex-

pect this entropy to become of order O(n) at large enough

noise. We call the minimum noise level for this to be the case,

the ML threshold. ML decoding is bound to fail above this

threshold.The second question is apparently far from Information

Theory and in any case very difficult to answer. The naive

expectation would be that reconstructing all the typical code-

words becomes harder as their conditional entropy gets larger.

In this paper we report some recent progress on both of the

questions outlined above. In Secs. II and III we reconsider the

binary erasure channel (BEC). We define a natural extension

of the belief propagation decoder which reconstruct all the

codewords compatible with a given channel output. The new

algorithm (‘Maxwell decoder’) thus performs a ‘complete’ list

decoding, and is based on the general message-passing phi-

losophy. Below the iterative threshold, it coincides with belief

propagation decoding and its complexity is linear in the block-

length. Above the iterative threshold, its complexity becomes

exponential. Its behavior can be analyzed precisely, and pro-

vides answers both questions (A) and (B) above (within this

circumscribed context). Surprisingly, the resulting picture is

most easily conveyed using a well-known information theoretic

characterization of the code: the EXIT curve. As a byprod-

uct, we obtain an alternative proof of the area theorem for the

BEC.
The connection between the EXIT curve and Maxwell de-

coder is not a peculiarity of the binary erasure channel, and

has instead a rather fundamental origin. The algorithm pro-

gressively reduces the uncertainty on the transmitted bits.

This can be regarded as an effective change of the noise level

of the communication channel. The EXIT curve describe the

response of the bits (i.e., the change of the bit uncertainty) to

a change in the noise level. The area theorem is obtained when

integrating this response: the total bit uncertainty at maxi-

mal noise level (the code rate) is thus given by an integral of

the EXIT curve.In Sec. IV, we explain how to generalize these ideas to ar-
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I. INTRODUCTION

Since the introduction of channel capacity by Shannon in

his seminal paper [1], theorists have been fascinated by the

idea of constructing structur
ed codes that achieve capacity.

The advent of Turbo codes [2] and low-density parity-check

(LDPC) codes [3]–[5] has made it possible to construct codes

with low-complexity encoding and decoding that also achieve

good performance near the Shannon limit. It was even proven

that sequences of irregular LDPC codes can achieve capacity

on the binary erasure channel (BEC) using low-complexity

message-passing decoding [6]. For an arbitrary binary sym-

metric memoryless (BMS) channel, however, polar codes [7]

were the first provably capacity-achieving codes with low-

complexity encoding and decoding. More recently, spatially-

coupled LDPC codes were also shown to achieve capacity
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universally over all BMS channels under low-complexity

message-passing decoding [8]–[11].

This article considers the performance of deterministic

sequences of binary linear codes transmitted over the BEC

under maximum-a-posteriori (MAP) decoding. In particular,

our primary technical result is the following.

Theorem
: A sequence of binary linear codes achieves capacity

on the BEC under MAP decoding if its blocklengths are

strictly increasing, its code rates converge to some r ∈ (0, 1),

and the permutation group1 of each code is doubly transitive.

Our analysis focuses primarily for the bit erasure rate under

bit-MAP decoding but can be extended to the block erasure

rate in some cases. One important consequence of this is that

binary Reed-Muller codes achieve capacity on the BEC under

MAP decoding.

All of these results extend naturally to Fq-linear codes

transmitted over a q-ary erasure channel under symbol-MAP

decoding. With this extension, one finds that sequences of

Generalized Reed-Muller codes [12] over Fq also achieve

capacity. Moreover, these results also hold for the class of

affine-invariant Fq-linear codes, which are precisely the codes

whose permutation groups include a subgroup isomorphic to

the affine linear group [13]. This follows from the fact that

the affine linear group is doubly transitive. As it happens,

this class also includes all extended primitive narrow-sense

Bose-Chaudhuri-Hocquengham (BCH) codes [13]. To keep the

presentation simple, we present proofs only for the binary case.

Reed-Muller codes were introduced by Muller in [14] and,

soon after, Reed proposed a majority logic decoder in [15].

A binary Reed-Muller code, parameterized by non-negative

integers m and v, is a linear code of length 2m and dimension

(m
0

)

+ · · ·+
(m

v

)

. It is well known that the minimum distance

of this code is 2m
−v [16], [17]. Thus, it is impossible to

simultaneously have a non-vanishing rate and a minimum

distance that scales linearly with blocklength. As such, these

codes cannot correct all patterns with a constant fraction of

erasures. Until now, it was not clear whether or not these codes

can correct almost
all erasure patterns up to the capacity limit.

The possibility that these codes might achieve capacity

under MAP decoding is discussed in several works [7], [18]–

[22]. In particular, it has been conjectured in [18] and observed

via simulations for small block lengths in [19], [20]. For

rates approaching either 0 or 1 with sufficient speed, it

has recently been shown that Reed-Muller codes can correct

1 The permutation group of a linear code is the set of permutations on code

bits under which the code is invariant. For a binary code, this is precisely the

automorphism group of the code.
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Abstract—We show that Reed-Muller codes achieve capacity

under maximum a posteriori bit decoding for transmission over

the binary erasure channel for all rates 0 < R < 1. The proof

is generic and applies to other codes with sufficient amount of

symmetry as well. The main idea is to combine the following

observations: (i) monotone functions experience a sharp threshold

behavior, (ii) the extrinsic information transfer (EXIT) functions

are monotone, (iii) Reed–Muller codes are 2-transitive and thus

the EXIT functions associated with their codeword bits are all

equal, and (iv) therefore the Area Theorem for the average EXIT

functions implies that RM codes’ threshold is at channel capacity.

Keywords—RM codes, MAP decoding, capacity-achieving codes,

BEC, EXIT function

I. INTRODUCTION

Reed–Muller (RM) codes [1]–[4] are among the oldest

codes in existence, and due to their many desirable properties,

are also among the most widely studied. In recent years there

has been renewed interest in RM codes, partly due to the

invention of capacity-achieving polar codes [5], which are

closely related to RM codes. For a performance comparison

between polar and RM codes, see [6], [7]. Simulations and

analytical results suggest that RM codes do not perform well

under successive and iterative decoding, but they outperform

polar codes under maximum a posteriori (MAP) decoding

[5], [8]. Nevertheless, it is not known whether RM codes

themselves are capacity-achieving except for rates approaching

0 and 1 over the binary erasure channel (BEC) and the binary

symmetric channel (BSC) [9].
In this paper, we show that RM codes indeed achieve the

capacity for transmission over the BEC for any rate R ∈ (0, 1).

The same result was shown independently by Kumar and

Pfister [10] using essentially the same approach.II. MAIN RESULT

Let RM(n, r) denote the Reed–Muller (RM) code of block

length N = 2n and order r, see [3]. This is a linear code

of rate R = 1
N

∑

r
i=0

(

n
i

)

and minimum distance d = 2n−r,

generated by all rows of weight at least 2n−r of the Hadamard

matrix ( 1 0
1 1 )

⊗n, where ⊗ denotes the Kronecker product. Let

[N ] = {1, . . . , N} denote the index set of codeword bits. For

i ∈ [N ], let xi denote the ith component of a vector x, and

let x∼i denote the vector containing all components except

xi . For x, y ∈ {0, 1}N, we write x ≺ y if y dominates x

component-wise, i.e. if xi ≤ yi for all i ∈ [N ].

Let BEC(ϵ) denote the binary erasure channel with erasure

probability ϵ. Recall that this channel has capacity 1 − ϵ

bits/channel use. In what follows, we will fix a rate R for a

sequence of RM codes and show that the bit error probability

of the code sequence vanishes for all BECs with capacity

strictly larger than R, i.e., erasure probability strictly smaller

than 1−R.
Theorem 1 (RM Codes Achieve Capacity on the BEC):

Consider a sequence of RM(n, rn) codes of increasing n and

rate Rn converging to R, 0 < R < 1. For any 0 ≤ ϵ < 1−R

and any δ > 0 there exists an n0 such that for all n > n0

the bit error probability of RM(n, rn) is bounded above by δ

under bit-MAP decoding.The only property of RM codes that has a bearing on the

following proof of Theorem 1 is that these codes exhibit a high

degree of symmetry, and in particular, that they are invariant

under a 2-transitive group of permutations on the coordinates

of the code [3], [11], [12]. In fact, this proof also shows that

all 2-transitive sequences of codes are capacity-achieving. We

will return to this point in Section III.

Lemma 1 (RM Codes Are 2-Transitive): For any a, b, c,

and d ∈ [N ] s.t. a ̸= b and c ̸= d, there exists a permutation

π : [N ] → [N ] such that(i) π(a) = c, π(b) = d, and
(ii) RM(n, r) is closed under the permutation of its

codeword bits according to π. That is,(x1 , . . . , xN ) ∈ RM(n, r)⇕
(xπ(1) , . . . , xπ(N)) ∈ RM(n, r). (1)

The 2-transitivity of the code implies many symmetries

that will be critical in the proof, which we outline here. We

will be interested in MAP decoding of the ith codebit xi from

observations y∼i , that is, all channel outputs except yi . The

error probability of the ith such decoder for transmission over

a BEC(ϵ) is called the ith EXIT function [13, Lemma 3.74],

which we denote by hi(ϵ). We will see that all N EXIT

functions of an RM code (and of any 2-transitive code) are

identical, and also that erasure patterns that lead to decoding
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ĉ = ⇡(c) ) ĉ 2 C : ĉi = 1 ^ ĉ⇠i � ⇡̂(!) ) ⇡̂(!) 2 ⌦i

⇡(C) = C



Independence: if C is transitive then hi(✏) does not depend on i

0 1 1 11 000c 2 C ⇢ {0, 1}N
! 2 {0, 1}N�1 0 1 1 100 1

1

i

! 2 ⌦i

⇡ : [N ] ! [N ] ⇡(i) = j

c0 = ⇡(c) !0 = ⇡(!)c0 2 C

c0j = 1 ^ c0⇠j � !0 ) !0 2 ⌦j

⇡(C) = C
!0 = ⇡̂(!)

⌦j = ⇡̂(⌦i) ) hj(✏) = hi(✏)
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independence + Area Theorem
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independence + Area Theorem

threshold

✏ = 1�R

Z 1

0
hi(✏)d✏ = R

DONE!

dH(X | Y (✏))

d✏
=

NX

i=1

P{x̂MAP
i (Y⇠i) =?}| {z }

hi(✏)



Ingredients

RM codes are 2-transitive 

symmetric monotone sets have 
sharp thresholds 

EXIT functions satisfy the Area 
Theorem
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BCH codesother codes

...

cautiously optimistic

...general channels

...
block versus bit

Friedgut-Kalai ! Bourgain-Kalai



Summary

polar codes 
spatially coupled 

back to classics — symmetry! 

finite length


