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Summary

Known [HHL09]: Quantum algorithm to solve* 
(to error 𝜖) a system of 𝑁 × 𝑁 linear equations* 

Running time is poly(log 𝑁, 1/𝜖)

Our result: Running time can be improved to 
poly(log 𝑁, log(1/𝜖)) for the same problem



Solving linear equations

Input: Hermitian matrix 𝐴 in ℂN×N and vector 𝑏 in ℂN

Goal: To solve the equation

𝐴 Ԧ𝑥 = 𝑏
i.e., to compute (approximately)  Ԧ𝑥 = 𝐴−1𝑏

How are the inputs and outputs represented?

If 𝐴, 𝑏, and Ԧ𝑥 are written explicitly, then

o Classically, we can solve this in time poly(𝑁)

o Quantumly, we need poly(𝑁) time ⇒ no exponential speedup



Quantum linear systems problem (QLSP)

Goal: To solve the equation (given Hermitian 𝐴 in ℂN×N and 𝑏 in ℂN)

𝐴 Ԧ𝑥 = 𝑏
i.e., to compute (approximately)  Ԧ𝑥 = 𝐴−1𝑏

Modified problem

1. Assume 𝐴 is 
• Sparse: At most polylog 𝑁 nonzero entries per row/column 
• Row computable: Nonzero entries computable in time polylog 𝑁
• Well conditioned: Condition number 𝜅 ≔ 𝜆max/𝜆min is polylog 𝑁

2. Assume 𝑏 ≔ 𝑏/‖𝑏‖ can be created efficiently (time polylog 𝑁)

3. New Goal: Create the quantum state 𝑥 ≔ Ԧ𝑥/‖ Ԧ𝑥‖ up to error 𝜖



Known results

Theorem [HarrowHassidimLloyd09]
Let 𝐴 be 𝑑-sparse, ‖𝐴‖ = 1, and have condition number 𝜅.
QLSP can be solved in time 𝑂(𝑑𝜅2/𝜖 polylog(𝑁𝑑𝜅/𝜖))

Tools: Hamiltonian simulation, phase estimation (source of 1/𝜖)

Theorem [Ambainis12]
Improved dependence on 𝜅: 𝑂(𝑑𝜅/𝜖3 polylog(𝑁𝑑𝜅/𝜖))

Tools: Variable-time amplitude amplification (uses phase est.)

Applications:  Solving differential equations [Berry10]
Machine learning [WiebeBraunLloyd12, LloydMohseniRebentrost13] 
Computing scattering cross sections [CladerJacobsSprouse13] 
Computing effective resistance [Wang13]



Our results

Theorem [HarrowHassidimLloyd09]
Let 𝐴 be 𝑑-sparse, ‖𝐴‖ = 1, and have condition number 𝜅.
QLSP can be solved in time 𝑂(𝑑𝜅2/𝜖 polylog(𝑁𝑑𝜅/𝜖))

Our Result: Running time   𝑂(𝑑𝜅2 polylog(𝑁𝑑𝜅/𝜖))

Theorem [Ambainis12]
Improved dependence on 𝜅: 𝑂(𝑑𝜅/𝜖3 polylog(𝑁𝑑𝜅/𝜖))

Our Result: Running time     𝑂(𝑑𝜅 polylog(𝑁𝑑𝜅/𝜖))

Why log(1/𝜖)?

• Useful when using QLSP as a subroutine

• Natural scaling for many problems of interest

• Complexity-theoretic implications (e.g., [FeffermanLin16])



Part 2: techniques



Linear combination of unitaries

𝑉 = 𝛼0𝑈0+ 𝛼1𝑈1 +⋯ Let ‖𝛼‖1 ≔ σ𝑖 |𝛼𝑖|

Goal: To create the state 𝑉 𝑏 /‖𝑉|𝑏⟩‖.

Linear combination of unitaries Lemma

Let 𝑉 = σ𝑖 𝛼𝑖𝑈𝑖,   c-U = σ𝑖 𝑖 〈𝑖| ⊗ 𝑈𝑖,  and  Ref(|𝑏⟩) = 𝐼 − 2|𝑏⟩⟨𝑏|.

We can create 
𝑉 𝑏

‖𝑉 𝑏 ‖
with 𝑂

‖α‖1
‖𝑉 𝑏 ‖

uses of c-U and Ref(|𝑏⟩).

Strategy: Express 𝑉 = 𝐴−1 as a linear combination of easy-to-
perform unitaries.

Map we want to perform Easy-to-perform unitaries



Linear combination of unitaries

Corollary: If 𝐴−1 = σ𝑖 𝛼𝑖𝑈𝑖, we can prepare 𝑥 =
𝐴−1 𝑏

‖𝐴−1 𝑏 ‖
with 

𝑂(‖𝛼‖1) uses of c-U and Ref(|𝑏⟩).

Choices for 𝑈𝑖:

1. Use exp −𝑖𝐴𝑡 :   𝐴−1 = σ𝑡 𝛼𝑡 exp −𝑖𝐴𝑡
Implement exp −𝑖𝐴𝑡 using Hamiltonian simulation
We call this the Fourier approach

2. Use 𝑇𝑛
𝐴

𝑑
, where 𝑇𝑛 ⋅ is the nth Chebyshev polynomial

Implement using quantum walk [Szegedy04, Childs10]
We call this the Chebyshev approach



Fourier approach

Goal: Express 𝐴−1 = σ𝑡 𝛼𝑡 exp −𝑖𝐴𝑡

Equivalent to expressing 𝑥−1 = σ𝑡 𝛼𝑡 exp −𝑖𝑥𝑡

Function blows up at origin ⇒ no Fourier series expansion

Only needs to work in domain 𝐷𝜅 = −1,−
1

𝜅
∪ +

1

𝜅
, +1 .



Fourier approach

Goal: Express 𝑥−1 = σ𝑡 𝛼𝑡 exp −𝑖𝑥𝑡 on 𝐷𝜅 = −1,−
1

𝜅
∪

1

𝜅
, 1



Chebyshev approach

Goal: Express 𝐴−1 = σ𝑛 𝛼𝑛𝑇𝑛
𝐴

𝑑
.

Equivalent to expressing 𝑥−1 = σ𝑛 𝛼𝑛𝑇𝑛
𝑥

𝑑
.



Summary

Known [HHL09]: Quantum algorithm to solve* 
(to error 𝜖) a system of 𝑁 × 𝑁 linear equations* 

Running time is poly(log 𝑁, 1/𝜖)

Our result: Running time can be improved to 
poly(log 𝑁, log(1/𝜖)) for the same problem



Comparison of approaches

Fourier approach

1. Uses Hamiltonian 
simulation as a black 
box, hence more 
general

2. Less efficient

3. Easier to understand?

Chebyshev approach

1. Uses a discrete-time 
quantum walk, which 
requires matrix entries 
of A, hence less general

2. More efficient

3. Easier to understand?



Open problems

• Find applications of QLSP!!

• What other functions of a matrix A can we implement?
o Chebyshev polynomial of A

o exp(𝑖𝐴𝑡)

o ???



Discrete-time quantum walk for A

Let 𝐴 be 𝑑-sparse with largest entry 1. 


