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Fault-tolerant quantum gates

Physical error < 10−2

Fault tolerant
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braiding



What do I do with all these gates?
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Fibonacci anyons

SU 2 4 + measurement

Levaillant, Bauer, Freedman, Wang, Bonderson ‘15

𝜁𝑛 = 𝑒2𝜋𝑖/𝑛



Compile them!

• This talk: polynomial-time algorithm for 𝜀-
approximating a given unitary 𝑈 ∈ SU2(ℂ)
with an 𝑂 log 1/𝜀 -length circuit over a 
very general gate set

• i.e. for gate sets derived from maximal 
orders in totally-definite quaternion algebras 
over number fields.

• Optimal up to constant factors

• Generalizes most existing known algorithms 
for specific gate sets



The general compiling problem:
Fault-tolerant quantum computer

𝒢 = {𝑈1, … , 𝑈𝑀} ⊂ SU(2)

Target unitary
𝑈 ∈ SU(2)

Compiled unitary
𝑈𝑚𝑛

⋯𝑈𝑚2
𝑈𝑚1

satisfying

𝑈 − 𝑈𝑚𝑛
⋯𝑈𝑚2

𝑈𝑚1 2
≤ 𝜀

Given 𝜀, want to minimize length 𝑛, or otherwise cost 𝑈𝑚𝑛
⋯𝑈𝑚2

𝑈𝑚1
= σ𝑖 cost(𝑈𝑚𝑖

)

cost 𝑈𝑚𝑖
≥ 0

A: When 〈𝒢〉 ⊂ SU 2 is denseQ: When does this problem have a solution?

Brute-force search is impractical (exponential memory)

How?



Solovay-Kitaev algorithm to the rescue!

Basic idea: Successive refining of a net using commutators 

Implementations:
• [Kitaev, Shen, Vyalyi, AMS 2002]: 𝑛 = log3+𝛿(1/𝜀) in log3+𝛿(1/𝜀) time

• [Dawson, Nielsen, quant-ph/0505030]: 𝑛 = log3.97(1/𝜀) in log2.71(1/𝜀) time

[Image source: Nielsen/Chuang, CUP 2000]

Standard approach until 2012



Solovay-Kitaev algorithm to the rescue?

Basic idea: Successive refining of a net using commutators 

Implementations:
• [Kitaev, Shen, Vyalyi, AMS 2002]: 𝑛 = log3+𝛿(1/𝜀) in log3+𝛿(1/𝜀) time

• [Dawson, Nielsen, quant-ph/0505030]: 𝑛 = log3.97(1/𝜀) in log2.71(1/𝜀) time

[Image source: Nielsen/Chuang, CUP 2000]

Standard approach until 2012

However: 

• Depressing gate counts – in practice, 𝜀 = 10−16 needs 𝑛 = 15000
• Volume argument: 𝑂(log 1/𝜀 ) lower bound on length – can we achieve it? 



𝑂(log 1/𝜀 )-length 𝜀-approximations in 𝑂(polylog 1/𝜀 )-time 

Clifford + T
Kliuchnikov-Maslov-Mosca 1212.0822 PRL ’13 
Selinger 1212.6253
Ross-Selinger 1403.2975

V-basis
Bocharov-Gurevich-Svore 1303.1411 PRA’13
(+ others) 

Fibonacci anyons
Kliuchnikov-Bocharov-Svore 1310.4150 PRL’14 

Is there a common generalization?

Dramatic improvement: 𝜀 = 10−16 requires 𝑛 = 150 (or even 𝑛 = 50 with extra tricks)  



Quaternions

ℍ = {𝑞0 + 𝑞1𝒊 + 𝑞2𝒋 + 𝑞3𝒌, 𝑞𝑖 ∈ ℝ : 𝒊2 = 𝒋2 = 𝒌2 = −1, 𝒊𝒋 = −𝒋𝒊 = 𝒌}

Quaternion norm 𝑁 𝑞 = 𝑞0
2 + 𝑞1

2 + 𝑞2
2 + 𝑞3

2 measures length, or complexity

𝑈𝑞 =
𝑞0𝐼 + 𝑖(𝑞1𝑍 + 𝑞2𝑌 + 𝑞3𝑋)

𝑁 𝑞

homomorphism: 𝑈𝑞1𝑈𝑞2 = 𝑈𝑞1𝑞2 ,   𝑈𝑎𝑞 = ±𝑈𝑞 for 𝑎 ∈ ℝ

Covering map 𝑅𝑞 𝑣1𝒊 + 𝑣2𝒋 + 𝑣3𝒌 = 𝑞(𝑣1𝒊 + 𝑣2𝒋 + 𝑣3𝒌)𝑞
−1

unitary normalization

ℍ× → SU 2 → SO 3

𝑞 ↦ 𝑈𝑞 ↦ 𝑅𝑞



Integral quaternions and the V-basis

ℒ = ℤ + ℤ𝒊 + ℤ𝒋 + ℤ𝒌

ℒ× = ±1,±𝒊, ±𝒋, ±𝒌 = 𝑄8 = quaternion group

ℒ5 = 𝑞 ∈ ℒ:𝑁 𝑞 = 5𝐿

𝑈ℒ5 = 𝑉𝑥 , 𝑉𝑦 , 𝑉𝑧

𝑉𝑥 = 𝑈2𝒊+1 =
1

5

1 + 2𝑖 0
0 1 − 2𝑖

, 𝑉𝑦 = 𝑈2𝒋+1 =
1

5

1 2𝑖
2𝑖 1

,   𝑉𝑧 = 𝑈2𝒌+1 =
1

5

1 2
−2 1

Used in Bocharov-Gurevich-Svore 1303.1411 PRA’13 

Lipschitz quaternion order

Rudolph Lipschitz

There are six norm-5 quaternions: 1 ± 2𝒊, 1 ± 2𝒋, 1 ± 2𝒌

𝑉𝑥 → 𝑅𝑥 arccos −
3

5
, 𝑅𝑦 arccos −

3

5
, 𝑅𝑧 arccos −

3

5

Compiling by trial division: ``factoring on steroids’’



The Clifford quaternions

𝒞 = ℤ[ 2] + ℤ 2
1 + 𝒊

2
+ ℤ[ 2]

1 + 𝒋

2
+ ℤ[ 2]

1 + 𝒊 + 𝒋 + 𝒌

2

𝒞× = ±1,±𝒊, ±𝒋, ±𝒌,
±1 ± 𝒊

2
,
±1 ± 𝒋

2
,
±1 ± 𝒌

2
,
±𝒊 ± 𝒋

2
,
±𝒋 ± 𝒌

2
,
±𝒌 ± 𝒊

2
,
±1 ± 𝒊 ± 𝒋 ± 𝒌

2

≃ 𝑈𝒞× = Aut(     ) = binary octahedral group = ``qubit Clifford group’’             

Cliff, 𝑇 = 𝑈𝒞 2
→ PU2 ℤ 𝑖,

1

2
= PU2 ℤ 𝜁8 ,

1

2
≃ SO3 ℤ

1

2

𝑇 = 𝑈
1+

1+𝒊

2

𝒞 2 = 𝑞 ∈ 𝒞:𝑁 𝑞 ℤ 2 = 2𝐿/2ℤ 2 ∃𝐿 ∈ ℤ𝑁 1 +
1 + 𝒊

2
ℤ 2 = 2ℤ 2

Sarnak: ``A miracle that Clifford+T is arithmetic’’ [IQC talk June ’15]

KMM ‘12 Gosset-Kliuchnikov-
Mosca-Russo ‘14

six such operators up to units ℤ 2
×
= ±〈1 + 2〉



Optimal approximations – when do they exist at all? 

• [Harrow-Recht-Chuang  quant-ph/0111031, JMP ’02]

• [Lubotzky-Phillips-Sarnak CPAM ’86]

• [Bourgain-Gamburd Inventiones Math. ’08] (algebraic entries) 

〈𝒢〉 has exponential growth if 𝑇𝒢 is gapped: 

For every 𝑈 ∈ SU(2), 𝑈 − 𝒢𝑛 2 ≤ exp −𝑂(𝑛)
i.e. 𝑂(log(1/𝜀)) scaling

𝑇𝒢: 𝐿
2(SU2) → 𝐿2 SU2

𝐿2 SU2 ≃ 𝐿2 𝑆3 ≃ໄ

𝑗∈
1
2ℕ

ℂ2𝑗+1

(𝑇𝒢𝑓) 𝑔 =
1

𝒢
෍

𝑈∈𝒢

𝑓(𝑈−1𝑥)
𝐿2 𝑆2 ≃ໄ

𝑗∈ℕ

ℂ2𝑗+1

𝑆1 → 𝑆3

𝑆2

Hopf
fibration

Hecke operator

spherical
harmonics

(Algebraic = root of a polynomial over ℤ )



“Everything” is algebraic!
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Vafa’s theorem: Topological spins 𝜃𝑎 algebraic

𝜁𝑛 = 𝑒2𝜋𝑖/𝑛



But can we find an approximation efficiently?
Requirements: 

• 𝒢 ⊂ SU(2) dense (so we can approximate)

• Characterize 𝒢𝑛 and 〈𝒢〉 (so we can round)

• Factoring in 〈𝒢〉 (so we can compile)

Two-step process:

• Step 1: (Approximate synthesis) Round 𝑈 to 𝑈 𝑛 ∈ 𝒢𝑛

[Kliuchnikov-Bocharov-Roetteler-Yard 1510.03888] 

• Step 2: (Exact synthesis) Compile 𝑈 𝑛 = 𝑈𝑚𝑛
⋯𝑈𝑚1

[Kliuchnikov-Yard 1504.04350]

Clifford + T
Kliuchnikov-Maslov-Mosca 1212.0822 PRL ’13 
Selinger 1212.6253
Ross-Selinger 1403.2975

V-basis
Bocharov-Gurevich-Svore 1303.1411 PRA’13 

Fibonacci anyons
Kliuchnikov-Bocharov-Svore 1310.4150 PRL’14 

Natural data structure?



Maximal orders in quaternion algebras over number fields
𝑎,𝑏

𝐹
= {𝑞0 + 𝑞1𝒊 + 𝑞2𝒋 + 𝑞3𝒌, 𝑞𝑖 ∈ 𝐹 : 𝒊2 = 𝑎, 𝒋2 = 𝑏, 𝒊𝒋 = −𝒋𝒊 = 𝒌} 

Maximal order ℳ ⊂
𝑎,𝑏

𝐹
is noncommutative ring of integers (a spanning ℤ𝐹-lattice)

Our application: a machine for producing 𝑆-arithmetic groups SU(ℳ, 𝑆) = 𝑈ℳ𝑆

e.g. 𝑆 = 5ℤ (V-basis), 𝑆 = { 2ℤ[ 2]} (Clifford+T), 

where 𝑆 = finite set of prime ideals in ℤ𝐹, ℳ𝑆 = {𝑞 ∈ ℳ ∶ supp(𝑁 𝑞 ℤ𝐹) ⊂ 𝑆}

Deep theorems: S-arithmetic groups are finitely generated [Borel & Harish-Chandra  ’61] and finitely presented 

[Grunewald-Segal ‘80]

We give (arXiv:1504.04350 [KY]) first explicit effective method for computing a complete set of 
generators when 𝑆 ≥ 1 and when the algebra has at most one embedding into ℝ2×2

𝐹 = number field with ring of integers ℤ𝐹



Algorithms: factorization: simple case

𝑎,𝑏

𝐹
= quaternion algebra over number field 𝐹

ℳ = maximal order
𝔭 = prime ideal of ℤ𝐹

SU ℳ, 𝔭 = {𝑈𝑞: 𝑞 ∈ ℳ,𝑁 𝑞 ℤ𝐹 = 𝔭𝑛, 𝑛 ∈ ℕ}



Algorithms: factorization: class set

𝑎,𝑏

𝐹
= quaternion algebra over number field 𝐹

ℳ = maximal order
𝔭 = prime ideal of ℤ𝐹

SU ℳ, 𝔭 = {𝑈𝑞: 𝑞 ∈ ℳ,𝑁 𝑞 ℤ𝐹 = 𝔭𝑛, 𝑛 ∈ ℕ}

Issue: not all vertices are conjugate to ℳ

Relevant for Clifford+ 𝑇, Clifford+𝑅𝑧
2𝜋

𝑛



Algorithms: factorization: class set

𝑎,𝑏

𝐹
= quaternion algebra over number field 𝐹

ℳ = maximal order
𝔭 = prime ideal of ℤ𝐹

SU ℳ, 𝔭 = {𝑈𝑞: 𝑞 ∈ ℳ,𝑁 𝑞 ℤ𝐹 = 𝔭𝑛, 𝑛 ∈ ℕ}

Issue: not all vertices are conjugate to ℳ

Relevant for Clifford+ 𝑇, Clifford+𝑅𝑧
2𝜋

𝑛

Can also compile for e.g.: 

Fibonnaci anyons: 𝔭 = 5ℤ
1+ 5

2
, 

Clifford+T+V: 𝑆 = { 2ℤ 2 , 5ℤ 2 }



Algorithms : approximation (back to step 1)
Input: Output:

𝑎,𝑏

𝐹
= totally-definite quaternion algebra over number field 𝐹

ℳ = maximal order
𝔭 = prime ideal of ℤ𝐹

SU ℳ, 𝔭 = {𝑈𝑞: 𝑞 ∈ ℳ,𝑁 𝑞 ℤ𝐹 = 𝔭𝑛, 𝑛 ∈ ℕ}

𝜀 = quality of approximation
𝜑 = z-rotation angle

Target qubit unitary 

𝑅𝑧 𝜑 = 𝑒−𝑖𝜑/2 0
0 𝑒𝑖𝜑/2

𝑁 𝑞 ℤ𝐹 = 𝔭𝐿, where

𝑈𝑞 − 𝑅𝑧 𝜑 ≤ 𝜀



Algorithms : approximation: idea

Solve integral relative 
norm equation

Step 1. Sampling Step 2.  Norm equation 
𝑈𝑞 − 𝑅𝑧 𝜑 ≤ 𝜀 𝑁 𝑞 ℤ𝐹 = 𝔭𝐿



Algorithms : approximation: sampling

Step 1. 

𝑈𝑞 − 𝑅𝑧 𝜑 ≤ 𝜀



Algorithms : relative norm equation

Step 1. Sampling Step 2.  Norm equation 

Solve integral relative 
norm equation in

Idea 1: Do post selection for easy 
instances
Idea 2: Reduce arbitrary easy instance 
to constant size instance using LLL
Issue: Algorithm’s performance is 
conjectural 

𝑈𝑞 − 𝑅𝑧 𝜑 ≤ 𝜀 𝑁 𝑞 ℤ𝐹 = 𝔭𝐿



Thanks for listening!

• Polynomial-time algorithm for compiling 
𝑂 log 1/𝜀 -length 𝜀-approximations, which is 
optimal

• Now we can approximate for Clifford+ 𝑇, 
Clifford+T+V and many others

• A general quaternionic framework for producing 
complete sets of qubit gates that can be 
compiled by trial division

• The future: qudit, multi-qubit, codes
• Other applications?  


