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Outline

Two Results:

1. The hidden subgroup problem and
permutation groups (with A. Shalev) — a
characterisation of distinguishable
subgroups

2. The lost permutation problem (with J.
von Korff) — a quantum over classical
iImprovement in transmitting
permutations through a shuffling channel

Some proofs and explanations




Quantum Fourier

Sampling and the Hidden

Subgroup Problem over
the symmetric group




Hidden subgroups of S_

Quantum Fourier Sampling (QFS) can solve the
Hidden Subgroup Problem (HSP) for Abelian
groups (Shor's algorithm, discrete log)

HSP: H<G FrGSR
vheH F(x)=F(>h)

Promise: f is constant on cosets of H and distinct on
different cosets.

Task: find a set of generators for H.




Hidden subgroups of S_

Quantum Fourier Sampling (QFS) can solve the
Hidden Subgroup Problem (HSP) for Abelian
groups (Shor's algorithm, discrete log)

What about non-Abelian groups?

Symmetric group — would imply solution to the graph
isomorphism/automorphism problem.

(Abelian groups have one-dimensional irreducible
representations.)



Hidden subgroups of S_

Only few known results on non-Abelian groups:

Efficient solutions for:

* Dihedral group — information theoretic solution to HSP
[Ettinger,Hoyer'99], exponential classical postprocessing (or
subexp algorithm [Kuperberg03])

(dihedral group: irreps have small dimension)



Hidden subgroups of S_

Only few known results on non-Abelian groups:

Efficient solutions for:

* Dihedral group — information theoretic solution to HSP
[Ettinger,Hoyer'99], exponential classical postprocessing
(improved to subexp [Kuperberg03])

(dihedral group: irreps have small dimension)
« Normal subgroups (gHg'=H) [Hallgren et al.’00]

» Some semidirect products and wreath products of Abelian
groups [Roetteler,Beth’98], [Grigni et al.’01], affine groups
[Moore et al.’04]

» Groups with small commutator groups [Ivanyos et al.’01],
solvable groups of constant exponent

[Fried| et al.’03]...



Hidden subgroups of S_

All this does not apply to the symmetric group
S,

« Subgroups are far from normal
(lots of conjugate subgroups gHg")
* Most Irreps are large ( 9f(nlogn) )

* Only partial explicit knowledge about irreps and
characters



Crash-course in representation theory

Representatiofi: G — G(d) GL(d) = d-by-d
matrices
preserves group structur G (homomorphism)
,0(() g:0 li ,0? 915,0( )

Irreducible representation (irrep): does not split into a
(common) block structure in some basis



Crash-course in representation theory

Representatiofi: G — G(d) GL(d) = d-by-d
matrices
preserves group structure of G (homomorphism)
,0? g ngli v ,0? 91510( 9,) dim p=d,

Irreducible representation (irrep): does not split into a
(common) block structure in some-hasis
=X

Every representation
splits into irreps.

A9)#

Character:
x(9)=trp(g)

29)= x(hgh™)




Crash-course in representation theory

Orthogonality relations:

pij)  are orthonormal
Pl

the vectors ‘—\/12@ A9),

Representation:p : G— G(d) GL(d) = d-by-d
matrices

preser\ﬁs ? 50é12 |3 gt%ﬁﬁ(@;? (homogyg[,gl_zlc'ﬁ)m)



Quantum Fourier Sampling

Quantum Fourier Sampling (QFS) can solve the Hidden Subgroup
Problem (HSP) for Abelian groups

(Shor’s algorithm, discrete log)

QFS:

1) uniform superposition over G Z(:J ‘O
ge



QFS
QFS:

1) uniform superposition over G |s)] Z\g 0)
geG

2) Apply f, measure (or trace) second register

> |9)[f(g) = |gH) = fZ\gh

geG heH




QFS

QFS:
1) uniform superposition over G Z\g 0)
2) Apply f, measure (or trace) second reglster

|Df(9)) = |gH) =—— D |gh)
R i

3) QFT

P; aJ

\/—C‘,ﬁZ\FP(g)u

i



QFS
QFS:

1) uniform superposition over G Z\g 0)
2) Apply f, measure (or trace) second reglster

|Df(9)) = |gH) =—— D |gh)
R i

3) QFT

pii)

1
? Z\@P(g)ij
\/_éjﬁp,id'
Note: for Abelian groups d,=1 and p(9)=x(9)

\/—C-FZZ(Q)‘Z




QFS

QFS:

1) uniform superposition over G Z;JQ 0)
ge

2) Apply f, measure (or trace) second reglster

;\g f(g)) = |gH) = J—Z\gh
ﬁpr(g.,pIJ

i

ineg \/—Z\/—Zﬂ(éf’ |

plj heH

3) QFT

with random

P: aJ



QFS

QFS:
1) uniform superposition over G Z\g 0)

2) Apply f, measure (or trace) second reglste“?jeG

|Df(9)) = |gH) =—— D |gh)
= f

QE

3) QFT
Ag)|piii)
)52 A9
gives Z\/*Zp(ghu i) with random g
Fp.,
4) Sample (measure) probability distribution

2 AR),

heH

o ”‘\cw



QFS

Probability distribution:
Weak form: sample p onIy (average over i,j)

PgH(p)=IZj] 2.7 ) = \Cﬁfﬂ; Zz(h

heH
Remark: Same distribution for all conJugate subgroups
H'=gHg! (cyclic property of trace).

heH



QFS

Probability distribution:
Weak form: sample p onIy (average over i,J)

Rl )= Rl pidJ)= \CﬁI—AZZp(gh” = Zz(h

heH
Remark: Same distribution for all conJugate subgroups
H'=gHg (cyclic property of trace).

Strong form: sample p, i, j in some basis
Choice of basis is arbitrary...



Hidden subgroups of S_

Previous results for QFS of S,
(Hallgren,Russel,TaShma’00, Grigni,Schulman,

Vazirani, Vazirani '01) :

« Strong form: rows provide no additional information
(the distribution on rows is always uniform) [GSVV'01]




Hidden subgroups of S_

Previous results for QFS of S,
(Hallgren et al.’00, Grigni et al. '01) :

« Stronqg form: rows provide no additional information
(the distribution on rows is always uniform for all G)
[GSVV’01]

- Strong form with (uniformly) random basis:

columns provide exponentially small extra information for
S, [GSVV'01]




Hidden subgroups of S_

Previous results for QFS of S,
(Hallgren et al.’00, Grigni et al. '01) :

« Stronqg form: rows provide no additional information
(the distribution on rows is always uniform) [GSVV’01]

« Strong form with (uniformly) random basis:

columns provide exponentially small extra information
[GSVV'01]

- Weak form: cannot distinguish involution with n/2
2-cycles from {e} in time poly(n).

@ © o606 00 0 0 0



Hidden subgroups of S_

Definition: permutation of constant support = permutation in
which all but a constant number of points are fixed

€ 969 000000 0 00

e (o

move fixed




Hidden subgroups of S_

Results for S, ( joint with Aner Shalev) :

» H can be distinguished from {e} * only if it contains an element
of constant support.

e If His of polynomial size (in n) (s : iff)

e If His primitive (building blocks of all HC=S,)

e For a family of subgroups of superexponential order
e Given a group theoretic conjecture, & is true for all H

€ 969 000000 0 00

e ==/

move fixed

*with either the weak standard method or the strong standard method with random basis



Hidden subgroups of S_

Definition: permutation of constant support = permutation in
which all but a constant number of points are fixed

€ 969 000000 0 00

e (o

move fixed

Remark: There are only poly(n) permutations of constant
support. They can be enumerated (checked) in polynomial
time.



Hidden subgroups of S_

Results for S, ( joint with Aner Shalev) :

» H can be distinguished from {e} * only if it contains an element
of constant support.

e If His of polynomial size (in n) (&: iff)

e |If His primitive (building blocks of all H

e For a family of subgroups of superexponential order
e Given a group theoretic conjecture, & is true for all H

Quantum Fourier Sampling® has no advantage over
classical exhaustive search (check all elements
*w[ﬂfei@QﬂStaﬂEtSldzﬂp@ﬁt):! or the strong standard method with random basis



Hidden subgroups of S_

Probability distribution from QFS:

Weak form:
Rl p)=D Rl pi,j)=

Zp(gh),,

heH

ICHM; l;z(h)ﬂ%(p)

Total distribution distance between P, and P,:

D, =‘—23de AL

heHh=e




Hidden subgroups of S_

Probability distribution from QFS:

Weak form:

PgH(p)=iZj: > (i, j)_|CHH]Z

I,]

Zp(gh),,

heH

|¢;Z(h) Ri(p)

Total distribution distance between P, and P,:

> x(h

heHh=e

1
o

H and {e} efficiently distinguishab

e information-

theoretically iff ), 2(|og\($)‘c L ot



Hidden subgroups of S_

Definition: Conjugacy class C— set closed under
conjugation by elements in G

G ={d9"':VgeG

For S,: Conjugacy class of n= permutations with

the same cycle structure
T - N A T AT P F LT TN e

@ 0 <0 0 06 oW 0 0 0 o o




Hidden subgroups of S,
Main tool: DHTZEZO’ PIVAL

heHh=e

Lemma: Cy,...,C, — non-identity conJugacy classes of G.
k

;‘Q ~HH G <0, < Z\Q ~H|G[ 2




Hidden subgroups of S,

Main tool:

@Zd pIAL

heHh=e

Lemma: Cy,...,C, — non-identity conJugacy classes of G.
k

26 ~HH Gl

<m<2\cmwwqw-%

Corollary 1: C... of minimal size intersecting H

H G " <0y <(IH-1)Gul



Hidden subgroups of S_

Main tool:

Corollary 1: C... of minimal size intersecting H
H G <0y <(H-1IG.

Remark: geS, has support k. Then (ﬁjk < E”j e

e k 3

n® <(|H-19|G.| <D, and |H|=poly(n)=nc
— distinguishable iff k=const.



Hidden subgroups of S_
Main tool:
Corollary 1: C.., of minimal size intersecting H

H Gl " <Dy <(IH-1)G|

Remark: geS, has support k. Then (ijk < (”j SO Ssin®

e

n¢ <(H-1Gy| 2 <D, and |H|=poly(n)=n
— distinguishable iff k=const.

Corollary 2: If [H|=poly(n): distinguishable iff H
contains an element of constant support.



Main tool D4=‘—szdp

> xfh

heHh+e

Lemma: C,,...,C, — non-identity conjugacy classes

k k
YGAHH G <0,< ]G AHIGI
= i=1

Proof idea of upper bound:

de

P

;dp‘zp(h)‘ SW \/;‘Zp(h)\z <Ja \/% —|glg| 2

<2d, 2. |z,h)

o heHhze

> x(h)

heH,h+e




Main tool

=
L

> xfh

heHh+e

Lemma: C,,...,C, — non-identity conjugacy classes

k k
MG AHIH G <D, < YIG nH(G|
i =1 fi=1

Proof idea of lower bound:

>, zlhys > |xlhf< Y d,<|Hd,

heH,h+e heH,h+e heH,h+e

> zp(h)|

heH,h=e

2,(h=x,G) if heH G

S 0] -

heH,h+e

&
d,>|H

ZIHmCm

=l

B> G T

Generalized orthogonality relations ...




Hidden subgroups of S_

Theorem: H<S, of non-constant support. If for all k<n
H has at most nk/7 elements of support <k then H
indistinguishable.



Hidden subgroups of S_

Theorem: H<S,, of non-constant support. If for all k<n
H has at most nk/7 elements of support <k then H
indistinguishable.

Group theoretic conjecture: H<S, of non-constant
support. For all k<n H has at most nk/7 elements of
support <k (true for primitive groups, family of
superexponentially large groups).

Implies: If H distinguishable = H has constant minimal
support (a).

=) QFS is no stronger than classical exhaustive search
(only poly many elements of constant degree).



Permutation
transmission through a
shuffling channel

or
the prolific family
problem




The prolific-family problem

Hexa-plets:

\ ! g A L
'
= I"'r"'- = il A = wlhet
b
a [ 2
SV : ; - ¥
- o -




The prolific- family problem

Hexa-plets:

Emily Faye

Babe Chiquita Dina

Alice



The prolific- family problem

Emily Faye

Alice Babe Chiquita Dina



The prolific- family problem

Hexa-plets:

2 colors, n babies:

Task: restore the original order exactly after random
shuffling
* best strategy: n/2 green, n/2 red



The prolific- family problem

Hexa-plets:
@ @ o @ @ @
Alice Dﬁa
Babe Emily
Chiquita Faye

2 colors, n babies:

Task: restore the original order exactly after random
shuffling
* best strategy: n/2 in green, n/2 red

* success probabillity: 1
pc = 2
(72!




The p-f problem

General problem: encode a permutation optimally age
shuffling noise
k colors (log k bits per item), n items:

* best strategy: k blocks of size n/k in one color
* success probabillity: .
Kk
n,/ |
%)

p.(k)=
(

n/k n/k n/k
o0 ... © 00 .. 000 .. O
B S

=)

Y e N

1 1

o T T

Need k=n colors to obtain success probability p=1!



The p-f problem

Qubits instead of bits?

K quantum “colors” states (log k qubits per item), n items:

p)+)+)+.. N

(%)



The p-f problem

Qubits instead of bits?

K quantum “colors” states (log k qubits per item), n items:
)+ )+ P)+...
1

Results ( joint with Joshua von Korff): ~ Pk)= ]

* quantum success probability:

i 1
k):k ak)  (for k<6\/5

Pl n! )



The p-f problem

Qubits instead of bits?

K quantum “colors” states (log k qubits per item), n items:
)+ )+ P)+...

1
Results ( joint with Joshua von Korff): ~ Pk)= ]

* quantum success probability:

K' —o(K"
pq(k): r;x ) LT \/B (27[”) (k1)

K
pc( ) K’?
Conjecture: true for all k (probably true)

—>Need K = % colors to obtain success probability p=1!
(k=n classically)



The p-f problem

Example: triplets 2 quantum states : 'S
c:-.’:;:.ﬁ > + CL;:;"S‘J

Classical Options: @wﬁ




The p-f problem

Example: triplets 2 quantum states

> + \/ ﬁ ‘iEJ
Classical Options:

A B CP Quantum squtlon (a3=1)

PALSTE P /\/5

oy ) oew e i L
Fhd Blud gl 'y : ; ; :
T R T 2 ) o e (6} @
{.._‘_J. -L-".."-.' ."__,d-\. ’ 5 | o { - W . sy
FA0 Pyt CAE T ey '_I:'flq.;.\,_-'\- 4 _ﬂI‘ —I— a A o g —|— a g R LSS —|—
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° o o 21 & o o e @ ®

R N e P4 3Ty Y O 2wl alds aldy
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Quantum SUCCess probablllty p=5/6




The p-f problem

Example: triplets 2 quantum states

'C"*"wf" > + l C‘wa’ﬁ>
Classical Options: s,_—a
A B CP Quantum squtlon (a 2

151

g g 3 2| & (@ @
Y 3y R 3Tl LS Vel dled Aled
A, Gl Sle 5\l & 0[ T | iu aw iw) )T
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e
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e I i e R | o
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Quantum success probability: p=5/6

2% 2ip 1 pquantum \/_
pquantum n! dassica (n/2|)2

pdassicd
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The p-f problem ﬁ;ﬁ

Quantum solution:  ( &’ =1) S

V)= Y elo00)+ 2] )+ 245(|100)+ |010)+ 0|09 + 24(|110) + |101>+04|011>)

\/
T
B
N e

I

lw) chosen such that set of permutations of |¥)
“as orthogonal as possible”

S, ={s :i =1.6}={id(12),(13),(23),(231)(312)}



The p-f problem > + | :‘:?'3>

Quantum solution: a’ =1)

V)= Y elo00)+ 2] )+ 2451100 +a|010 +0?)009) + E 110) +2”[10% +a|019)

|y/) chosen such that set of permutations of |y)
“as orthogonal as possible”

S, ={s :i =1.6}={id(12),(13),(23),(231)(312)}

“Ideal” case: {s|w):i=1.6} orthogonal set

6
Z;Si|'7”><9”|3i = 111




-

The p-f problem | > + |:-§1>
Quantum solution:  ( &*=1) “‘@% y
w}:/\/5|OOO>+\%(|100>+a|010>+a2|001>)+\%(|110>+a2|101>+a|011>)

lw) chosen such that set of permutations of %) “as
orthogonal as possible”

S, ={s :i =1.6}={id,(12),(13),(23),(231)(312)}

“Ideal” case: {s|y):i=1.6} orthogonal set
1 \

6
Z;Si|‘//><‘//|si = N
\ Oo/

1
However “cover” only 5 dimensions (not 6). <$w\8jt//> =§5,,-

Why? Irreps of S, in tensor-representation...



Basic facts from representation theory

Schur’s lemma:
Let p be an irrep. of dimension d, A € GL(d) s.th.

Ac(g)=p(g)A VgeC
then A=,



Basic facts from representation theory

Schur’s lemma:
Let p be an irrep. of dimension d, A € GL(d) s.th.

Ac(g)=p(g)A VgeC
then A=,

Application: “group average” A— Z o(9)

geG

@f>=‘1zp<g)p<§@=12p<9®=

‘%{,Zp(g G A)- Zp(%o(g) A G



Representation Theory

S, actson C,®" by permutation of the basis states
— representation p in GL(d")
ex: p((213))[101) = |011)

splits space into irreducible subspaces V,

‘—Zp w)w|p'(9)
ge% \

Note Io(g)sw :Swp(g) Vge%




Representation Theory

S, actson C,®" by permutation of the basis states
— representation p in GL(d")
ex: p((213))[101) = |011)

splits space into irreducible subspaces V|

1
s, =—2_ P(9)w){v|r'(g
0=,

N

Note A g Sw: wIO g Vge%
Assume |V €V, . Then s, =/d by Schur's lemma

w)




Representation Theory

=lw, ) +|w, )+ oty

en




Representation Theory

It ‘W> o ‘l///’1>+ ‘l///?z>+ vl |ka>
Then \
Sw =
(O,
Choose |l//> 1( d > F‘Wp >+ +\F‘ka>) to “cover”
all space?

Problem: multiple equivalent irreps !



Representation Theory

V) \ Multiplicity of irrep p: m,
v, Can we “use” multiple copies of same irrep?

?
Zmpdp = K"
Yo,

Result:
Th: Can use at most d, copies of an irrep p.




Representation Theory

V) \ Multiplicity of irrep p: m,
v, Can we “use” multiple copies of same irrep?

?
Zmpdp = K"
Yo,

Result:

Th: Ca\n use at most d ; copies of an irrep p.

1 “cover” only 5 dim.

\

(15

use




Representation Theory

V) \ Multiplicity of irrep p: m,
v, Can we “use” multiple copies of same irrep?

? S'md, =K
o,

Result:
Th: Can use at most d, copies of an irrep p.

mexrank(s, )= > min(m,,d ),
o,

1
For K< g\/ﬁ “most” irreps have multiplicity smaller than their
dimension. “Loose” only o(k") part of full space.



The p-f problegl

Use Young -tableau rules to estimate n
m._ < N, number of irreps of S_at most (kj
. n
> md, =k
p \
maxrank( s Zmn m,.d ),
n 2
n n 2k
> k" — Z (mp—dp)dp >K"— > mm >k"- L
pm,>d, p:m,>d,
1

— k" —o(k") k<% n



Summary

Permutation transmission:

* quantum advantage to transmission of
permutation through a shuffling channel
* less colors needed quantumly

HSP:
« identified large class of hidden subgoups of

S, that cannot be distinguished from each
other

» evidence that QFS (with random basis) not
stronger than classical search for S,



Open Questions

Permutation transmission:
* Prove result for all k (probably true)
(= =n/e colors forp=1)
» find more applications, also for other groups

HSP:
 Prove group theoretic conjecture
* Prove there 1s no “good” basis for the strong method



Open Questiorﬂljs

Permutation transmission:
* Prove result for all k (probably true)
(= =n/e colors forp=1)
» find more applications, also for other groups

HSP:
 Prove group theoretic conjecture
* Prove there 1s no “good” basis for the strong method

QF SP



STOPH!



Graph Isomorphism

1 1

B
.\. 3 () ./
4 £

G, G,

Let G=G,UG, and determine automorphism group
A={neS,, : n(G)=G}.

Check ifit splitsas H; xH, c S, x S (= G,~G,).

A is hidden subgroup of S, of f: S —>G
f: 71— w(G)



